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AUTOMORPHISMS OF SUBFACTORS
FROM COMMUTING SQUARES

ANNE LOUISE SVENDSEN

ABSTRACT. We study an infinite series of irreducible, hyperfinite subfactors,
which are obtained from an initial commuting square by iterating Jones’ basic
construction. They were constructed by Haagerup and Schou and have A as
principal graphs, which means that their standard invariant is “trivial”. We
use certain symmetries of the initial commuting squares to construct explicitly
non-trivial outer automorphisms of these subfactors. These automorphisms
capture information about the subfactors which is not contained in the stan-
dard invariant.

1. INTRODUCTION

The theory of subfactors was founded by Jones in [8]. He introduced the first
invariants for inclusions of II; factors N C M, namely the Jones index and the
principal graphs, and showed that if the index is less than 4, then it has to be of the
form 4 cos? = for some n > 3. In this case the principal graphs are Coxeter-Dynkin
graphs of type A, D, or E. It turns out that in general the principal graphs do
not determine the subfactor. A finer invariant, the so-called standard invariant, of
a subfactor N C M of finite Jones index is obtained as follows ([§], see also [5]):
By iterating the basic construction for N C M we obtain a tower of II; factors
N CM C M, C My C--- canonically associated to N C M. The trace-preserving
isomorphism class of the following sequence of commuting squares of higher relative
commutants

C = MnM = MnM C MnM, C M’ﬂMg C
U U U
C = M{nM; C M{nMy C M{NnMs C

is then the standard invariant for N C M.

One of the main problems in the theory of subfactors is the classification of sub-
factors of the hyperfinite II; factor R. To this end Popa introduced a concept
of amenability for subfactors and proved that the standard invariant is a complete
invariant for amenable subfactors of R [16]. If the (hyperfinite) subfactor is not
amenable, then invariants other than the standard invariant are likely to become
important. In particular, if the Jones index [M : N] is larger than 4 and the princi-
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pal graphs are A, (this means that the standard invariant is “trivial”, i.e. consists
of just the Temperley-Lieb algebras), then it is not clear how to capture properties
of such a subfactor. One attempt to try to do this is to study the group of subfac-
tor automorphisms, i.e. outer automorphisms of M, which leave the subfactor N
globally invariant.

In this paper we study an infinite series of irreducible, hyperfinite subfactors
of this type. Their Jones indices lie between 4 and 4.5 and they have principal
graphs A,,. These subfactors were previously obtained by Haagerup and Schou by
constructing a non-degenerate commuting square and iterating Jones’ basic con-
struction for the multi-matrix algebras in the commuting square [18]. The initial
commuting squares have some very nice symmetries, which are however no longer
present in the standard invariant, since it is trivial (in the above sense). It turns
out that these symmetries can be used to construct explicitly outer automorphisms
of order two for this infinite series of Haagerup-Schou subfactors. Note that work
on automorphisms of subfactors has been done by several authors; see for instance
[6], [I1], [I2], to mention just a few articles relevant for the work below.

A more detailed description of the paper follows. Section 2 is a review of a general
method for constructing an automorphism of a subfactor by using the symmetries
of the inclusion graphs of the initial commuting square to construct a symmetric
connection. We work in the string algebra representation and use Ocneanu’s bi-
unitary condition to describe the initial non-degenerate commuting square ([I3],
[14]). We use the notation from Haagerup and Schou [I8]. Using the string algebra
representation we consider graph automorphisms of the four individual inclusion
graphs, which preserve Perron-Frobenius weights and match with the structure of
the commuting square, i.e. respects the identification of the vertices in the com-
muting square. For such a collection of graph automorphisms to give rise to an
automorphism of the commuting square, the unitary matrix which gives the con-
nection and has entries labeled by the four graphs, has to be invariant under the
map arising from the graph automorphisms, i.e. the connection has to be symmet-
ric. When this is the case the graph automorphism gives an automorphism of the
commuting square, which extends to an automorphisms of the subfactor. Under
a mild condition this subfactor automorphism is outer. The results in this section
are well known; see for instance [0].

In section 3 we investigate the series of Haagerup-Schou subfactors. They are
constructed from initial non-degenerate commuting squares, which have the graph
shown in Figure 1 as one of the inclusion graphs.

FIGURE 1.
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We consider the series of examples where m = k—1 for k£ > 3. The symmetry we use
is the graph automorphism which switches the a- and b-rays. We compute explicitly
a symmetric connection for the infinite series of examples, in the course of which
we have to show several polynomial identities. Our computations are similar to
commuting square computations performed by Haagerup and Schou, but they are
more special since we want to construct a symmetric connection. This means that
the entries of the connection have to satisfy many more identities. (Observe that
it is in general not true that these identities have solutions). It then follows that
we have constructed an outer automorphism of order two of each of the subfactors
in the infinite series of Haagerup-Schou subfactors. The construction of an outer
automorphism of order two can also be carried out using the same method for each
of the subfactors in the infinite series of examples of Haagerup-Schou subfactors
with m =k — 2 for k > 4 [19)].

2. CONSTRUCTION OF AUTOMORPHISMS OF SUBFACTORS
VIA SYMMETRIC CONNECTIONS

In this section we review a method that leads to the construction of an auto-
morphism of a subfactor from symmetries of the inclusion graphs by construting a
symmetric connection.

We consider the following situation. Let Agg C Ag1 C A11, and Agg C Ayg C
Aq1 be inclusions of four finite-dimensional C*-algebras with inclusion matrices
G, K, L, and H as follows:

L
Ay C A
2.1) K U U H
Ay C Ao
G

The algebras are finite-dimensional C*-algebras, hence they are direct sums of ma-
trix algebras. Let My, (Z) denote the n x m matrices over Z. Since G, H, K, and
L are inclusion matrices we have that G € My, (Z), L € Mpy(Z), K € My,(Z), and
H € M,;,4(Z) are matrices with non-negative entries, where n denotes the number
of simple summands of Agg, m denotes the number of simple summands of Ag1, p
denotes the number of simple summands of Ay, and g denotes the number of sim-
ple summands of A;1. Let I'x be the bipartite graph corresponding to the matrix
X, i.e. the graph with adjacency matrix

0 X
se= (2 %)

For an inclusion matrix X we let (I'x)even be the vertices labeling the rows of X
and (I'x)odd be the vertices labeling the columns of X. Since both (I'k)even and
(TG )even label the simple summands of Agg, we have an identification between the
even vertices of the bipartite graphs I'y and I'g. Similarly the odd vertices of I'g
are identified with the even vertices of I'y, the odd vertices of I' are identified
with the even vertices of I'y, and the odd vertices of I';, are identified with the
odd vertices of I'y. We will suppose that all the graphs I'g, I'y, I'x, and I'f, are
connected. Recall that the graph I'yx is connected if and only if the matrix X X? is
irreducible, if and only if the adjacency matrix Ar, is irreducible [5].
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Let 7 be a fixed normalized trace on Ay;. Then (1) is a commuting square with
respect to 7 if Eay, Ea,, = Ea,,, where Ex denotes the unique trace-preserving
conditional expectation onto the algebra X [B]. It is clearly necessary that GH =
KL, but we will furthermore require that G!*K = HL!, which is equivalent to
requiring that Ag; - Ayo linearly spans Ai;. A commuting square satisfying this
condition is called non-degenerate [16], [18]. Recall that the concept of a commuting
square was introduced by Popa in [15]. Throughout this section we work with a
fixed normalized trace 7 on A;; and assume that the inclusion of the four finite-
dimensional algebras in (Z:I)) is a non-degenerate commuting square.

2.1. Commuting squares, the bi-unitary condition. From now on let us as-
sume that Agg is abelian, i.e. Agg 2 CHC---®C, where we have n copies of C. We
have that Agy = @D, Af;, so /dim(Af;) is the number of paths from Ay to Afj;
on I'g, since the inclusion Agg C Agp is given by the matrix G. Hence we can use
the set of all paths from Agg to Ag; as an orthonormal basis for the Hilbert space,
on which Ag; acts. We work in the general setting, where the inclusion graphs are
allowed multiple edges, and use the notation from [18].

Definition 2.1. Let
S = {(iajvkap70) | G’L]ij # 07 1< P < Gija 1<o< ij}

Then S labels the paths from Ay to A1; via Ap1, that is, (¢, 7, k, p, o) labels the
path denoted by féff;) on GH going A}, — A(Jﬁ — A¥, | using the edge p between
the vertices ¢ and j and the edge o between the vertices j and k. These edges exist
since G;jHji, # 0. The set S := {f(p’g) | (i,4,k,p,0) € S} is an orthonormal basis

(i,5,k)
for H := @I_, CVImAi),
Definition 2.2. Let
T= {(Z7l7k7gaw) | Kille 7é 0) 1< C < Kil; 1< ’lp < le}-

Then T labels the paths from Agg to A11 via Ajg, that is, (4,1, k,(, ) labels the
path denoted by néf’lwlg) on KL going A, — A}, — A%, using the edge ¢ between
the vertices ¢ and [ and the edge 1) between the vertices [ and k. These edges exist

since Ky Lj, # 0. The set 7 := {ngflwk)) | (3,1,k,(,¢) € T} is an orthonormal basis
for H = @7_, CV4imAi),

When (4,7, k,p,0) € S and (3,1, k,(,) € T we have what is called a cell con-
sisting of two paths, one in S and one in T" with the same startpoint and the same
endpoint. We can either use S or 7 as an orthonormal basis for the Hilbert space
H=@!_,Cv dim(A11) on which Ap; acts. So the bases S and T are unitarily
equivalent, i.e. there is a unitary operator U : H — H identifying the bases. Let

(ik) o rre(o0)  (C)
(2.2) Ui peoy ey = U&G k) G k) )

with (, ) denoting the inner product on the Hilbert space H. We will also sometimes
denote this by (| ) in order to avoid confusion. Then U has the form

_ ik ik)y _ ¢, (k)
U=@u, P = @ ) ikperes, (ke
(4,k)
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i.e. U is a direct sum of unitary matrices. Observe that the entries of U are labeled
by the cells and that condition (Z2) can be restated as

Nes i,k s
(2:3) UEET = 20 uGpenaem Mk
LGy
thus in the 7-basis the ¢-basis is written as above. Note that we have used nei-
ther the commuting square nor the non-degeneracy condition, hence having such
a unitary matrix U is equivalent to just having an inclusion of four multi-matrix
algebras.
The following theorem is due to to Ocneanu [13], [14]; see also [18].

Theorem 2.3. Let S and T be as in Definitions 21l and[ZZ The square of multi-
matriz algebras

L
A10 C A117 T
K U U H
Ao C Ao
G

where GH = KL and 7 is a normalized trace on Ai1, is a non-degenerate commaut-

ing square, if and only if there exists a unitary matriz U,
_ ik k) _ (,, (1K)
U=PuM,  u =) ) ikpoes, ikcwer
(3,k)

so that U is a direct sum of unitary matrices, and such that if

Gil) _ [aidk "G
(24) U(i,p,(),(k:,o’,’(/})_ gjfyl u(j,p,o’)(l,{,p)

(where we use Z to denote the complex conjugate of z), then

_ il i _ G0
V=l U = (o)) o)) Gikpo)es, (lkCp)eTs
G

is also a direct sum of unitary matrices, where &, 6, v, and § denotes the trace
vectors corresponding to T on Agg, Ao1, A1g, and A11, respectively.

The matrix U is called a connection and the condition in the theorem is called
the bi-unitary condition. Note that we use here the notation in [4]. The notation
in [18] does not use the complex conjugation in (Z4)). Thus the matrix V in [1§]
differs from our V' above by a complex conjugation of the entries.

2.2. A lattice of commuting squares. Recall that for an inclusion A C B of
multi-matrix algebras, a Markov trace of modulus A (A > 0) on B is the unique
normalized trace 79 on B, which has an extension to a trace 7; on Bj such that
Ti(ze) = N lrg(x) for all x € B, where A C B C By = (B,e) is the basic
construction [§]; see also [5]. Then the trace 71 is a Markov trace of modulus A for
the inclusion B C Bj, hence in this way we get a Markov trace on each algebra in
the tower A C B C By C By C ---. Thus we get that Uf; Biw has the unique
trace 7, where 7|p, = 7; for all 4, hence is the hyperfinite II; factor. Moreover
when G denotes the inclusion matrix of A C B, then 7 is a Markov trace of modulus
M for A C B if and only if G*G5 = A5, where 5 is the trace vector corresponding to
7, and in this case A = ||G||?> = [B: 4] [§], [5].



2520 ANNE LOUISE SVENDSEN

Suppose from now on that the normalized trace 7 on Aj; is a Markov trace
for the inclusion A1gp C A1; of modulus ||L||?. Then since the commuting square is
supposed to be non-degenerate, T is also a Markov trace for the inclusion Ag; C Aq;
of modulus ||H||?, and its restrictions gives Markov traces for the inclusions Agy C
Ajp and Agp C Ag1 of modulus || K||?, respectively ||G||>. Moreover ||K|| = ||H]||
and ||G|| = ||L|| [18]; see also [5], [9]. Apply the basic construction both vertically
and horizontally, i.e. let A3 = (A11,e1), where ey is the Jones projection of Ai;
onto A1g. Then

Ago C Ao1 C (Ao1,er1) =: Aoz

is also the basic construction, due to the non-degeneracy [9]. Similarly let Ao =
(A11, f1), where fy is the Jones projection of Aj; onto Ag;. Then

Ago C Aio C (Ao, f1) =: Agpo

is also the basic construction [9]. Iterating this process gives a lattice of commuting
squares

G Gte G
Ay C Ay & Axp C
Kt U H' 51 U Kt U
(2.5) . L .
A C An A C
K U HU KU
G G'e G
AOO C A()l C A02 C

Note that if the original commuting square has connection U, then the next non-
degenerate commuting square which we get by applying the basic construction
either vertically or horizontally has connection V', where U and V are related as in
Theorem Z3. We have

Aij = <Ai,j—1;ej—1> fOI‘j Z 2, Aij = <Ai—1,j;fi—1> fOI‘ Z Z 2,

where {e1,e9,€3,...} and {f1, fo, f3,...} are the horizontal, respectively vertical,
Jones projections. Since the trace 7 on Aj; is Markov, it extends uniquely to a
trace 7 on each of the algebras A;;. Let

Ao = 45 Ami=U_ A Axe =l Ay

ij=1

w

for all 4,7 > 0. Then 7 extends by continuity to these algebras, and 7 is the unique
trace, hence we get factors, which clearly are hyperfinite. The first unital inclusion
of hyperfinite factors, which we got from applying the horizontal basic construction,
namely Agoo C A1oo, will be called the horizontal subfactor. It has index || K||? and
its basic construction is given by Agse C A1oo C Aose C -+ +. Similarly we call the
first unital inclusion of hyperfinite factors, which we got from applying the vertical
basic construction, namely Aoo C Aso1, the vertical subfactor. It has index ||G||?
and its basic construction is given by Ao C Aoo1r C Aoo2 C - - .
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2.3. The string algebra representation. In this section we introduce the string
algebra representation following [I3]; see also [4] and [3]. The goal is to define an
automorphism of each algebra A;; in (Z5]), and then extend it to an automorphism
of both the vertical and the horizontal subfactors. In order to achieve this we
will work in the string algebra representation of A;;. Fix ¢ and j and consider

the algebra A;; = @:(if) Aj;, where A7 is a matrix algebra. A basis for the
Hilbert space on which A;; acts is given by paths of length ¢ 4+ j (where the length
of a path is the number of edges in the path) on the graphs I'y, where X €
{G, H K, L, G, H', K', L' }, going i steps up and j steps to the right
in (ZB). Thus a path starts either on ' or on I'¢. Consider a fixed ordering
of these i steps up and j steps to the right. This fixes a Bratteli diagram for
the inclusion Aoy C Aj;j. An orthonormal basis for the Hilbert space on which
Afj acts is in this representation given by all paths on this fixed Bratteli diagram
ending at the vertex labeling the simple summand A7, of the algebra A;;. As an
example consider the inclusion Agy C Asz. The different Bratteli diagrams for this
inclusion are FK FKt FG FGt, FK FL FHt FGt, FK FL FLt FKt, FG FH FLt FKt,
I 't 'k I'e. Moreover the dimension of A7; is the number of paths of length
i+ 7 on the Bratteli diagram ending at the vertex labeling Agj.

Suppose Aj; has dimension nZ; then we have paths &,&a,...,&,, from Ag to
Aj;. We define an inner product as follows.

Definition 2.4. Let

(&ir &) = dijs
for paths & and &; on a fixed Bratteli diagram for the inclusion Agg C A;; ending
at the vertex labeling A7;. Extend linearly in the first entry and conjugate linearly

in the second entry. Then {; | 1 < ¢ < n,} is an orthonormal basis for H, := C"".
Furthermore let

eij = (&,§) € B(C™),  (&,&) (&) = (6 §)Si
and extend by linearity to get a representation of the matrix units e;; of A7; with
respect to the basis consisting of the paths &1,&s, ..., &y,.. The pair (§;,&;) is called
a string and will often be denoted by o = (o4,0_).

We do the same construction as above for each simple summand of A4;; and let
paths with different endpoints belong to different Hilbert spaces H,, 1 < r < s(3, j),
to get a representation of A;; on H = @i(if) H,., with the obvious operations, since
strings correspond to matrix units. Note that A}, - Hs = {0} if s # 7. This is called
the string algebra representation of A;; associated to the fixed Bratteli diagram. We
obtain in this way string algebra representations of all the algebras A;;, ,5 > 0.

Observe that a priori the string algebra representations obtained above depend
on which Bratteli diagram we initially fix. But since the matrices U and V give
identifications of paths, string algebra representations from different Bratteli dia-
grams are equivalent.

We aim to construct an automorphism of each algebra A;; by using certain graph
automorphisms of the inclusion graphs, and then show that the automorphism is
compatible with the structure of the lattice and preserves the trace, such that it
extends to an automorphism of the subfactor. With this in mind we recall how
the embedding and the trace is expressed in the string algebra representation. In
particular we also include a short discussion of the Perron-Frobenius weights, since
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we will require that the graph automorphisms preserve these, from which it will
easily follow that the algebra automorphism preserves the trace.

We have that A;; C Ay, whenever ¢ < k and j < I. Suppose the inclusion is
given by the matrix G. Fix an orthonormal basis of paths for the Hilbert space
on which A;; acts. Extend these paths with paths on I'z to paths which are an
orthonormal basis of the Hilbert space on which Ay; acts. This fixes string algebra

representations of A;; and Ay and the embedding is given as follows.

Definition 2.5. Let 0 = (04,0_) € A;; C Ap;. Then

= (oo) = Y (oepop) € A
ppathoné

where G is the inclusion matrix corresponding to the embedding of A;; into Ay as
discussed above, and where it is to be understood that the starting point of p is
the endpoint of ¢ such that o4 p and o_p are paths obtained by concatenation in
the obvious way.

Let 8 = |G| = |L| and 8/ = |[K| = ||H|. Then the trace vector § =
(81,...,04) on the algebra A;; is the Perron-Frobenius eigenvector of L'L (i.e. L'LS
= (3%5) normalized such that > 8,4/dim(A7,) = 1, where A7, denotes the -
th simple summand of A;;, since 7 is the Markov trace of modulus % for the
inclusion Ayg C Ajp. Since 7 is a Markov trace of modulus (3')? for the inclusion
Ap1 C Aq1, we also have that H'HS = (6’)25. We denote the trace vectors on the
algebras Ago, Ao1, and A1g, by @, 0, and 7, respectively. Let & = (8’7, ﬁ’ﬁg). Then
A& = P&, hence

q+p
Bé (i) = (AL&)(i) =Y (AL)iy&())
(2:6) qtp -
= Z(number of edges from i to j in I'z) &1(j),
j=1

where 7 and j are vertices of I'y,, and where the even vertices of I', label the direct
summands of A;g and the odd vertices label the direct summands of A;;. The
entries of the vector &; are called the Perron-Frobenius weights of the corresponding
vertices of I'p. Similarly let & = (ﬁé: ﬁﬁ’g) to obtain

q+m
F6l) = (Au&)(@) = 3 (An)i&())
(2.7) . =t
= Z (number of edges from ¢ to j in I'y) & (7),
j=1

where ¢ and j are vertices of I'y, and where the even vertices of I'y label the direct
summands of Ag; and the odd vertices label the direct summands of A;;. Finally
by using either &5 = (&, 65) or &4 = (@, 0'%), we get the Perron-Frobenius weights
of the vertices labeling direct summands of Agg and either Ag; or Ajg. Simply use £
to denote any of the Perron-Frobenius vectors above and £(i) to denote the Perron-

Frobenius weight of the vertex i. Then by applying equations ([Z8) and (7)) we
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obtain the following useful identity. Let ¢ and j be fixed and let 0 = (04,0_) € A;;.
Then for any £ and [ with A;; C Ay, we get
G

(2.8) &(r(o)) = > (8)~* 057 =D¢ (r(a)),
« path on G, s(a)=r(c)

where (o) and s(o) denotes the end point, respectively the starting point, of the
string o.

Consider the algebras A;; from (2.3). Then it follows from (2.8) that we can
define the normalized trace, which comes from the Markov trace and is compatible
with embeddings as follows. See for instance [4].

Lemma 2.6. Let 0 = (04,0_) € A;; for some i,5 > 0. Then

7(0) = 7((04,0-)) = 0o, o (B) ' B77E(r(0))

extended by linearity is a normalized trace on A;; compatible with embeddings.
Note that the trace does not depend on the representation of the algebra A;;.

2.4. Construction of subfactor automorphisms. We aim to construct an au-
tomorphism of a commuting square of finite-dimensional C*-algebras, and use this
to construct a subfactor automorphism.

Definition 2.7. Consider the commuting square (ZI). A map ¢ € Aut(Ay) is
called an automorphism of the commuting square or a commuting square automor-
phism, if the following are satisfied:

e Top=T,

o ©(Ago) = Ao, ©(Ao1) = Ao, p(A1o) = Aio.

It is well known that an automorphism ¢ € Aut(A;1) of a commuting square
can be extended iteratively to an automorphism of each commuting square in the
lattice of commuting squares, which we get by iterating the basic construction, by
letting ¢(e;) = e; and ¢(f;) = fi. See for instance [12].

Recall that a graph automorphism is a bijection on the graph, which maps
vertices to vertices, and adjacent edges to adjacent edges. Let ¢ be a collection of
graph automorphisms, one for each of the four bipartite graphs I', I'y, ', and
Iy, which preserves Perron-Frobenius weights (i.e. ¢ maps a vertex to a vertex
which has the same Perron-Frobenius weight), and agrees on the vertices that are
identified in the commuting square as explained previously. Then in particular ¢
is a bijection on the set of vertices labeled by (I'x)odd or (I'x)even, Where X is
any of G, K, L, or H, and ¢ is also a bijection on the set of edges of each graph
I'e, Tk, I'p, and T'y. We would like to use the map ¢ to define an automorphism ¢
of each algebra A;; using the string algebra representation. Given a fixed Bratteli
diagram for the inclusion Aoy C A;j, we can write a path as an alternating sequence
of i +j + 1 vertices and ¢ + j edges, say { = (20, €1, 21, €2, - - -, €itj, Zitj ), Where z;
denotes a vertex and ¢; denotes an edge between the vertices z;_1 and z;.

Definition 2.8. Let 7,5 > 0. Let ¢ be a collection of graph automorphisms as
defined above. We extend ¢ to a map on paths also denoted by ¢ as follows. For a
path & = (20, €1, 21, €2, ..., €45, Zi1;) on a fixed Bratteli diagram for Agg C A;j, we
let

¢(§) = ((b(z())a ¢(61)a ¢(Zl)7 ¢(€2)7 ) ¢(6i+j)a ¢(Z7,+J))
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and extend by linearity. Then ¢ is a bijection on the sets of paths on any fixed Brat-
teli diagram in (2.35]), which are the basis for the fixed string algebra representation
of Aij.

For a string o = (04,0_) € A;; we define

eij(0) = (¢(o4), ¢(0-)).
By linearity we extend this definition to all of A;;, hence we get a map ¢;; of
the algebra A;; in the string algebra representation defined by the fixed Bratteli
diagram for Agg C Ajj.

Consider a fixed string algebra representation of the algebra A;;. Since ¢ is a
bijection of the orthonormal basis of the Hilbert space on which A;; acts, we have
that ¢ is just a basis change, i.e. given by some unitary, say wg. Hence ;; is given
by Adwg. By using the definition of the map ¢;; and the string algebra formalism
we easily obtain the following result.

Lemma 2.9. Consider a fized string algebra representation of the algebra A;; for
some i,j > 0. Then the map ;; as defined above is a *homomorphism of A;;.

Our goal is to find a condition on the connection such that ¢1; is an automor-
phism of the commuting square (2:I)). Consider Aj;. Recall that §(p 9) s a path

on GH, 10 lk)) is a path on KL, and
(p,o) (i,k) (¢)
0D = D UG a.cn i)
LGy
In order for 17 to be a commuting square automorphism, we must show that the

definition of 17 is independent of the basis in which we represent A;;. By rewriting
the paths { and 7 using sequences of alternating vertices and edges as above we get

that f(” B = = (i,p,j,0,k) and néf;ﬁz) = (i,¢, 1,1, k), hence

P(ET)) = (9(), 9(), 0(), (o), (k) = €501 )
and

p(nfe ) = (i), 9(C), 1), 0 (w), (k) = o)) oy
This means that on the one hand we have

(2.9)
_ ) € | _ (k) )
‘b(’fuuk)) = 0| D UG acw Nk | = D (;p,a><zw)¢(77(uk>>
et L
Y ($(0),6(8))
UGp,0), (¢ ) ()61, b(R))
Lo
and on the other hand we have
o)\ _ b)) (6(1),6(k)) )
(2.10) ¢(§<z‘,j,k>> = D) = D Mool s@N e s
L
3 #0009 (6(0),6(8))
UG (7),b(0), () ($1,0(0) b)) TS, 6(1).6(K))

L¢y
where we have used that ¢ is a bijection on the set of vertices and on the set of
edges. This means that in order to get an automorphism @11 of the commuting
square (ZI) the following must be satisfied; see for instance [6], [10].
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Definition 2.10. Let ¢ be as above. Let U be the connection of (ZTI). If
(i,k) _ ., (#(d),9(k))
(2.11) UG (1) = H0)6(6).6(0).(5(0).6(C) B())
for all (i, 4, k, p,0) € S and for all (3,1, k,(,v) € T, then we say that the connection
is symmetric with respect to ¢, or that it is symmetric.

We know that ¢ maps paths to paths, since it is defined in Definition 2.8 from a
collection of graph automorphisms of all the four inclusion graphs in the commuting
square. Since the entries of the connection U are labeled by cells, equation ([211])
says that the unitary matrix U, which gives the connection, is invariant under the
map ¢. By this we mean that the value of the entry of the connection U labeled by
any given cell is the same as the value of the entry of the connection U labeled by
the new cell, which we get by applying ¢ to the paths in the given cell; see (2I1)).
Due to the relationship between the matrices U and V this implies that V is also
invariant under the map ¢. Assume from now on that the connection U of the
commuting square (7)) is symmetric with respect to ¢.

Lemma 2.11. Let 3,5 > 0 be fized. The definition of the map ¢;; on the algebra
A;j does not depend on the string algebra representation of A;j.

Proof. This follows by induction using the fact that both U and V are invariant
under ¢. O

Lemma 2.12. Let i,5 > 0 be fized. We have that ¢;j|a,, = s for all 7 < i and
s< 7.

Proof. Tt is enough to show that ¢;;|4,, = ¢rs for r = ¢ —1 and s = j, and for
r=14and s = j — 1. The cases are identical and are proved using the fact that ¢
is a bijection. O

Lemma 2.13. The automorphism @;; is trace preserving.

Proof. Easy computation using the fact that ¢ is a bijection on the set of paths
and preserves Perron-Frobenius weights. O

We have now proved the following proposition, which is well known to experts.

Proposition 2.14. The map p11 is an automorphism of the commuting square
(&), where T is the Markov trace of modulus ||L||? for the inclusion A C A1;.

Notice that in general there may be automorphisms of a commuting square
of finite-dimensional C*-algebras, which do not arise in this way, i.e. via graph
symmetries. The automorphism of the commuting square from a graph symmetry
corresponds to permutations of the paths, but in general other unitaries may be
allowed.

Definition 2.15. Let N C M be a subfactor of type II;. The subfactor automor-
phisms of N C M is the group Aut(M,N) = {6 € Aut(M) | 6(N) = N}. The
inner automorphisms is the group Int(M, N) = {Adu |u e U(N)}.

Definition 2.16. Consider the commuting square (2.I) with connection U, which
is symmetric with respect to the map ¢. Let ¢;; be the automorphisms of the
algebras A;; as in Definition[2:8l Define the map ¢ on U(;;:O A;ij by ¢(0) = pij(0)
for 4, j such that o € A;;. Since ¢ is trace preserving it extends to A o by con-
tinuity. Thus we get an automorphism in Aut(A4; , Ao,c0c) and an automorphism
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in Aut(As,0, Aso,1), i.6. an automorphism of both the vertical and the horizontal
subfactors.

As noted earlier we could also have extended the map (11 to the full lattice of
commuting squares (2.5]) by letting it leave the Jones projections invariant. In fact it
can be shown that the map ¢ defined above does leave the Jones projections invari-
ant, hence extending the map @11 by letting it leave the Jones projections invariant
gives the same automorphism. When ¢ switches some of the simple summands of
some of the algebras A;;, it follows that ¢ cannot be an inner automorphism. Let
us summarize the above discussion in the following.

Theorem 2.17. Consider the non-degenerate commuting square

L
A10 C A117 T
(2.12) K U U H
App C  An
G

where 7 is the Markov trace. Let ¢ be a collection of graph automorphism of all
the four bipartite graphs I'q,I'p, Tk, and Ty, which preserves Perron-Frobenius
weights, and agrees on the vertices that are identified in the commuting square.
Suppose that ¢ is non-trivial on the set of vertices, and suppose that the commuting
square has a symmetric connection with respect to ¢. Let N C M denote either
the wertical or the horizontal subfactor. Define the map ¢ € Aut(M,N) as in
Definition [218. Then ¢ is not an inner automorphism, i.e. @ s not of the form
Ad(u) for some u € U(N).

Proof. We will show that ¢ € Out(M, N) = Aut(M, N)/Int(M, N), where N C M
denotes the horizontal subfactor. The proof that ¢ € Out(M, N), where N C M
is the vertical subfactor is identical. Suppose ¢ is inner, i.e. ¢ = Adu for some
u € U(N). We have the sequence of commuting squares:

AlO C A11 C A12 c --- C Al,oo = M
@] @] @] @] @]
Ao C A()l C Agpp C -+ C AO,oo = N

In particular for each n € N

Aln Cc M
(2.13) U U
AOn c N

is a commuting square. For all x € Ay, we have ¢(z)u = ux. Now apply the
conditional expectation E4,, : M +— Ay,; then

Ea,,(w)z = Ea,, (ur) = Ea,, (p(z)u) = o(7)Ea,, (u),

since x and p(x) are in Ay,. Let w, = FE4,, (u). Then w, € Agp, since @I3) is a
commuting square and the above equation reads

(2.14) Wnx = ©(x)wy,.

Furthermore lim,, o || F4,, (u) — u|l2 = 0, hence also lim, . |[|1 — wiwy|l2 = 0,
thus the support projection of w; w, converges to 1.
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Since ¢ is non-trivial on the set of vertices, we have that ¢ is either non-trivial on
the set of vertices of ' or non-trivial on the set of vertices of I'y,. Suppose that ¢ is
non-trivial on the set of vertices of (I'f, Jeven- The case where ¢ is non-trivial on the
set of vertices of (I')odq is similar. Let n be even. Then 4;,, = @:Zl At where

¢, denotes the simple summands of A;,,, and where r is the number of vertices of
(TL)even- The simple summands of A;,, are labeled by the vertices, on which ¢ is
non-trivial, so we can assume that ¢ switches the vertices k and [ for 1 < k,[ < r.
Since wy, € Ay, we have for n even that w,, = @;_, w),, where w?, € A% . Choose
n € N, n even such that w® # 0 and wl, # 0. Let x € A}, x # 0; then p(z) € A}

1n> 1n>
which is a contradiction to 2I4)). The case where ¢ is non-trivial on the set of
vertices of I' is shown as above by using Ay, instead of Aj,. O

3. THE SERIES OF EXAMPLES

We consider 3-star graphs, which are graphs with one triple point and where the
rest of the vertices have valency two or one. The 3-star graphs we consider have
two of the rays with the same length. Let I'y denote the graph depicted in Figure
2.

a
% e
a g
Gy G G G d
.H
b e
b e
b

FIGURE 2.

We consider the infinite series where k > 3 and work with the following inclusions
of four multi-matrix algebras:

Gy,
Ao C Ap
(3.1) GkG}; -1 U U G};Gk -1
Ay C  Aog
Gy,

where GG is the inclusion matrix corresponding to I'y, and Agg is abelian. If this
is a commuting square with respect to a fixed normalized trace 7 on Ap1, then it is
clearly non-degenerate.

The graph I'y, has an obvious graph automorphism ¢, which switches the a-ray
and the b-ray. Namely, we let ¢(d) = d, ¢(a;) = b;, ¢(b;) = a; for 1 < i <k, and
@(ci) = ¢; for 1 < i < m. This gives a bijection on the set of vertices of I'y. Let
ag = by = ¢y = d. Let ¢ map the edge a; — a;4+1 to the edge b; — b;+1 and the edge
b; — bi11 to the edge a; — a;41 for all 0 < ¢ < k — 1. Moreover let ¢ map the edge
¢; — Ci41 to itself for all 0 <4 < m —1. Then ¢ is also a bijection on the set of edges
and ¢ maps adjacent edges to adjacent edges, thus ¢ is a graph automorphism.
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We want to extend ¢ to a collection of graph automorphisms of the four bipartite
graphs corresponding to the inclusion matrices in ([81), which agrees on the vertices
that are identified in the commuting square, and which preserves Perron-Frobenius
weights, as in section2.4] This determines ¢ except on the double edge in G G4 —1I.
The goal is to find a symmetric connection U of (B.1]) with respect to ¢ defined as
above for the series of examples that we consider.

Commuting squares of the type above were constructed by Haagerup and Schou
in [18], where many other similar examples are also considered. We use the notation
of [18], and the computations we do to find a symmetric connection will be similar
to the ones done by Haagerup and Schou. But our computations will be more
specialized since we want to construct a symmetric connection, which means that
the entries of the connection have to satisfy some additional identities besides the
ones coming from the bi-unitary condition. We will construct such a connection
explicitly for the infinite series of examples.

3.1. The symmetric connection. We aim to construct a connection of the com-
muting square (B1]) for the infinite series of the Haagerup-Schou subfactors, which
is symmetric with respect to the map ¢ defined above. For this we need to explicitly
compute two unitary matrices U and V', which are related by a multiplication of
the entries by certain coefficients, a conjugation of the entries, and a relabeling of
the entries, as in Theorem Notice that instead of computing the matrix V' from
Theorem 23, we will compute the matrix V', where all the entries of the matrix are
conjugated, since this simplifies the notation.

The main steps of the construction are as follows. First we show that the co-
efficients can be easily computed using only the Perron-Frobenius weights of the
graph I'y, which can be defined recursively, and are preserved by our graph au-
tomorphism. Then we describe a way to systematize the set-up by using a table
with both rows and columns labeled by the edges of I'y,. We label the entries of the
table, which correspond to cells, i.e. to entries of the connection. This is done by
taking the symmetry of the connection into account, since this greatly reduces the
number of labels. The structures of the matrices U and V can be read off from the
table, and when we compute the coefficients, we get an inverse symmetry across the
diagonal. Then we start to determine the absolute values of the entries of U. By
taking advantage of the symmetry, we only get two different 3 x 3 blocks, which we
need to deal with. When we have determined the absolute values of the entries of
all the 3 x 3 blocks, we determine the absolute values of the entries of all the 2 x 2
blocks by working our way down along the diagonal in the table. Again we can
take advantage of the symmetry and only work with the ones from U. After having
determined the absolute values of all the entries this way, we show that they are
consistent. We determined absolute values of elements, which were part of either
a 3 x 3 block of U or of V or part of a 2 x 2 block of U or of V. But elements
which are 1 x 1 blocks also need to be unitary. We show how this gives rise to a
set of identities for the Perron-Frobenius weights, and show that these identities
are satisfied. Finally we find the complex phases. This is again done by using the
symmetry of the situation, in particular by assuming that the complex phases have
symmetry across the diagonal in our table. First we find the complex phases for
the entries of the two 3 x 3 blocks, and then for the entries of the 2 x 2 blocks by
working our way down the diagonal.
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3.1.1. Set-up and structure of the connection. In order to find a symmetric connec-
tion, we first need to know the coefficients relating the matrices U and V', and also
the entries and the structure of the matrices. Let us first see how to compute the
coefficients. Let I') denote the vertices of I'y. Then I') = I'sve® U TI'¢44| where d is
even and

rsven = {p e TY | dist(p, d) is even}, 9dd = {p e T | dist(p, d) is odd},
with dist(p, d) the minimal number of edges in a path on I'y, from d to p. Then
3" = {d, az, bz, c2, a4, ba, ca, . . .}, I = {a1,b1,¢1,a3,b3,c3,.. .}

Let A\, = |G| and let £ be the Perron-Frobenius eigenvector of Ap, with £(d) = 1.
We have that & = (&even, Codd), Where Eeven, respectively &oaq, gives the Perron-
Frobenius weights of the vertices in I';**", respectively ded. The equation

(3.2) Ar, & = Ak

is referred to as the eigenvalue equation. Note that since there are no multiple edges
in I', it can also be written as

MEG) = (BrO) = S ey

y connected to z € I'y,

where z is a vertex of I'y. It allows us to define the Perron-Frobenius weights
recursively as follows [I8]. Define the following polynomials

(3.3)  Ro(z) =1, Ri(x) ==, R, (z) = zRp_1(x) — Ry—2(x).

Then the Perron-Frobenius weights of ', are given by

B D=1 ) =) = e, 1<ish
(3.5) §(ci>=};’“k%z(;j), l<i<k-1,

where & and k — 1 are the lengths of the rays of I'y (see Figure 2). Note that ¢
clearly preserves Perron-Frobenius weights since it interchanges the a-ray and b-ray
of I'y.. For the polynomials defined above we have the following property [18], which
will be needed later.

Lemma 3.1. For any x > 2 the function R, (x) is an increasing function of n € N,
Ry (x)

18 a decreasing function of m € N.
Rt (2) 9 f

whereas the function

We let § = n€|pgaa and choose i > 0 such that St 6, \/dim(A7;) = 1. Then

§ is the normalized trace vector on Ay = @._, A}, defining the Markov trace for
the inclusion Ay C Aj1, hence is also Markov for the inclusion Ag; C A11, and by
restriction for the inclusions Agg C Agy and Agg C Ay too, since the commuting
square is non-degenerate. Since

feven _ _ _ 0 Gk geven _ Gkgodd
Ak (Eodd) B /\kg B Ark§ B (Gi 0 ) (godd> N (G};geven> ’
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we have
:); - Gkg: Gkngodd - Akngevena
0 = (GiGr —I)§ = (G},Gr — D)oaa
= )‘kchngeven = Nodd = (Ai - 1)77£odd;
d = (GpGh —D)Gyd = (GrGY — IGrnéoad

= (GkGZ - I)/\knfeven = (Ai - )‘k)nflwenv

where @, 5, and 7 are the trace vectors on the algebras Agg, Ap1, and Ajg, respec-
tively. Thus for the coefficients in equation (2.4]) we have

(3.6) ;0 = Ne)n&inée &b
B /\2 —Dn&ané \ &8
where a; corresponds to the same vertex in Agg as &;, etc.

Now we will find the cells, since these label the entries of the connection. The
entries of GGl — I as a I'§V" x I'(Y*™ matrix are given by

@G =D ={ g 0P

else
for p, q even vertices, p # ¢, and
2, ifp=d,
(GG}, —I)pp = ¢ 0, if pis an endpoint of Ty,

1, else

for p an even vertex. The entries of Gt G, — I as a I'994 x T'9dd matrix are given b
p k k k g y

1, if dist(p,q) = 2,
(GZGk—I)pq :{ 0, else (+.9)

for p, g odd vertices, p # ¢, and

0, if p is an endpoint of I'y,
t _ — ’ )
(Gr G = Dy { 1, else

for p an even vertex. In order to find the cells we order the edges of T'y as
day,dby,dcy, asayi, baby,cocy, asas, ..., and we label both columns and rows of
a table by the edges of I'y, since both the horizontal inclusions Agg C Ap; and
Aqp C Aq; are given by the inclusion matrix G;. Then an entry in the table corre-
sponds to a cell whenever the left vertices of the edges are connected in GGl — I,
and the right vertices of the edges are connected in G4 Gj — I. This means for in-
stance that the entry (beb1,dcy) corresponds to a cell, since by and d are connected
in GxG}, — I, and by and ¢; are connected in GLG, — I. But the entry (beb1, azaq)
does not correspond to a cell, since b2 and as are not connected in GkGZ — 1. To
simplify the computations of the absolute values of the entries of U we label the
entries corresponding to cells. We choose to label the three 3 x 3 blocks in Table 1
different from the rest, because they are special in that only elements from these
blocks are part of a 3 x 3 unitary block of either U or V. In the upper left 3 x 3
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block every element corresponds to two cells due to the double dd edge. We label

the cells with the edge d 4 by f, and the cells with the edge d i d by g. The rest
of the cells are labeled as if Table 1 was a matrix denoted by Z.

The aim is to show that we can find unitary matrices U and V satisfying the
bi-unitary condition in Theorem 23] such that U is symmetric under ¢. This means
that we must have

L — o (2(0),¢(k))
(G,p,0),(1,¢, ) (6(5),0(0),8(2)),(¢(1),8(0),6())
for all (i,7,k,p,0) € S and all (i,1,k,{,%) € T. So for instance the entries of
U labeled by (boby,dby) and by (agaq,day) are the same. In the upper left 3 x 3
corner we have the double dd edge, hence we have a choice of whether to define
the automorphism ¢ such that it switches the edges or such that it leaves them
invariant. It turns out that we have to let ¢ switch these edges, because otherwise
we end up with a block of V' with two equal columns when we use the symmetry,
hence a symmetric connection under such a ¢ cannot be found. Thus ¢ maps the

edge d 2 d to the edge d A d and vice versa. Taking this into account we get the
labeling of the entries of U in Table 1.

Table 1: Labels of the entries of the connection U

Cells da1 dby deq azal | babi | cact asas | babsg | cac3 | agas | babs
day f11 911 | fi2 912 | f13 913 || o11 012 | 013 217

dby 912 fi12 | g11 f11 | 913 f13 || o012 011 | 013 217

der || f31 931 | 931 f31 | f33 f33 || 031 | o031 | o33 239

aza TI1 T12 T13 244 247 24,10

baby T12 Ti1 T13 244 247 24,10
cacy T31 T31 T33 266 269

azas 271 274 277 27,10

babs 271 274 277 27,10
cacs 293 296

asas 210,4 210,7

bybs 210,4 210,7

This table illustrates the example when k = 4, i.e. corresponding to the graph I'y.
It can easily be generalized since we note that the three upper left 3 x 3 blocks are
special, but the rest of the table follows a pattern. It gives us five “diagonal” rays,
the “real” diagonal, which we will refer to as the diagonal, the two “inner” ones,
which we will refer to as the inner diagonals, and the two “outer” ones, which we will
refer to as the outer diagonals. (For general k we have a total of 2k+ (k—1) = 3k—1
edges of 'y, so the table is (3k — 1) x (3k —1).) Let ag = by = ¢9 = d. Then all the
cells outside the upper left 6 x 6 block have labels of the form (x;z;, zxx;), where x;
is either all a;, all b;, or all ¢;, and 4, j, k, [ are indices, |i—j| = 1, |k—I| = 1 (this just
means that we have an edge) and |i — k| € {0,2}, |j—1] € {0,2}. Note that the last
three elements on the diagonal do not correspond to cells, since (GpGY — I)pp =0
when p is an endpoint of I'y. This gives a labeling of the cells for general k.

The block structures of the matrices U and V are given in Tables 2 and 3, where
entries labeled with the same letter denote entries of the same block matrix of U,
respectively V', and cells labeled with e are 1 x 1 blocks. In order to find the block
uBF) of U, we fix the left vertex in the row at i and the right vertex in the column
at k, and vary the rest within the table. For v:Y) we fix the right vertex in the row
at j and the left vertex in the column at [ and vary the rest.



2532 ANNE LOUISE SVENDSEN

Table 2: Block structure of U
Cells || day | dby | dey || asaq | baby | cacy || azas | babs | cacs | agas | babs

daq aa|bb|ce a b c °

dby aa|bb|ce a b c °

dey aa|bb|ce a b c °

201 d d g g

baby ° ° e h h
coc1 || @ S / e

as0a3 d d g g

bgbg (& & h h
caC3 / /

a4a3 [ ] [ ]

babs . °

Table 3: Block structure of V'
Cells || day | dby | deq || asaq | baby | cacy || asas | babs | cacs | agas | babs
daq aalaalaa d ° ° d

dby bb|bb|bb ° e ° e

dcy cclcelce ° ° f f

asa1 a a a d d °

baby b b b e e °
a1 c f f

aza3 d g g b

bgbg [ ] h h (]
Ca2C3 o L]

aqa3 g g

b4b3 h h

For instance we get that the block labeled as
(aza1,a2a3) (aza1,asa3) \ _ ( 247 2410
(azas, azasz) (a2as3,asas) 217 27,10
is an example of a 2 x 2 block of U.
Finally we for instance get the coeflicient labeled by the cell (dai, azaq) as

f(dman _ |1
&(a1)é(az) (az)

Note that the coefficient of entry (i, j) is the inverse of the coefficient of entry (j,1%),
when the table is considered a matrix. This symmetry will be called the inverse
diagonal symmetry of the coefficients, and will be used later on.

3.1.2. Absolute values. Now we find absolute values for all the entries of the matrix
U. We start out by working with the 3 x 3 blocks, which we obtain from Tables 2
and 3. The 3 x 3 blocks of U are

fir g on fi2 912 o2 fiz 913 013
gi2 Jiz ow2],|l9un Sfu oul,|lgs fiz o],
far g1 o3 931 fs1 o3 faz faz o033
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and the 3 x 3 blocks of V' are

Ju fiz fis 12 g g13 fa1 gs1 fa3
g1 g1z Gis )]s | fiz fir fiz || 931 fa1 fsz )
Tiln Ti2 Ti3 Ti2 Ti1  Ti3 T3l T3l 733

where we use a tilde to denote the entry of U up to multiplication by the coefficient
from Theorem 2.3 This coefficient we denote by (; 45, i.e. Zi5 = (4,457 for z €
{f,g,7,0,z}. Note that the first two blocks of U, respectively V', are the same up
to permutations of the rows and columns, hence we only have to deal with four
3 x 3 blocks.

From the block structure of U and V we get that |7;;| = 1 = |65 for i # j. We
compute |7i1], 733, |o11| and |o33] from these 3 x 3 blocks by using the fact that
their rows and columns are orthonormal. We get

ol = 1= ol ol =1 G~ G = 1 - an) - ),
logs]® = 1-2fos" =1-2¢,3=1— 275(6?()51()62),
Imil? = (=l = [Asl?) = ¢hA -G — )

1 B Cf(e)élaz)y 1 (e)

= g (180 -G = L e
mssl” = (31— 2T l?) = (35(1 —2¢2 )

_ 1 (1 _25(611)5(02)) _ 1 €a)

&(ca) &(e1) §(ca) " &ler)

Note that all these values are positive so this makes sense. Positivity follows by
using Lemma Bl and Lemma [32] which we will prove later.
Let a:zj denote the complex phase of the element z;;, x € {f, g,7,0, z}. Then we

have
1 2 2 o o o
Gy 1=6Ge=Cris T T12 T13
o

—1 o o
T= T12 Gy/1-CGia—CGis T13 )
o o -1 o
31 731 Crasy/1-2C 31 a3
—2 —2 ° -1 ©° -1 9
1- Ca,lQ - 40,13 011 Ca,12 012 Ca,13 013
— -1 9 -2 -2 9 -1 ©
0= Ca,lz 012 1- Ca,lz — (13 011 Cr13 013

71 (o) 71 [e] 72 o
Co31 T31 Co31 031 \/1—2¢, 75 033

The inverse diagonal symmetry of the coeflicients gives (r;; = ¢, ]11 Using this we
get

—1 -1 9 -1 9 -1 0
1- Ca,lQ — (31 T11 Ca,lz T12 Cr31 T13

~ _1 © 1 _1 © _1 ©
T= Con2 T12 V31— Con2 — Coa3 T11 Co31 T13 )
-1 [e] -1 [e] -2 (o)
Ca,13 731 Ca,13 731 \/ 1—-2¢, 75733
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thus |Ti2| = |o12], |Ti3] = |o31], and |731] = |o13]. We see that this implies
(3.7) || = |7

for i = 1,3. We will see later that the same symmetry holds for the remaining
entries of U. Now let us work with the 3 x 3 blocks A, B,C, and D given as

f11 gi1 011 f13 g13 013
A=1gi2 fiz o12], B=|gi3 fiz o3|,
far g3 o031 faz  faz o33
']711 ']712 ']713 fll f12 Cf,13f13
C=1|gu g2 g13 | = g1 912 Crasgis |,
~ ~ ~ [e] (o) [e]
Ti1 Ti12  T13 |011|7'11 |012|7'12 |031|7'13
fs1 gs1 fas Cr31far Cr31931 f33
D=1\ Gu1 fa fss | = Crs19s Craifa [f33
~ ~ ~ o o o
T3l 731 733 lo13|T31  |ous|T31r  |o33|7T33

Note the similarities between A and C, and between B and D. First consider B.
We have

|f33|2 (1 _ |033| ) % (1 _ (1 _ 25(621()51()02))) _ E(afl()ci()(ﬁ) — |013|2.

So if we let |fi3] = |oss|, and |g13| = |o13], then the rows and columns of B are
normalized. Similarly D has normalized rows and columns if we let

§(er) (1 25(611)5(02))7

[l = Chloss® = &(er)

E(ar)
gl = CRlol = Ecli( — (2))—5@2).

Cl1 (Cl)

For A and C these choices give

Jin g11 \/(1 —&(az) — %51(;2))011
A= 912 fi2 vV f(a2)012 )
Ve -2 Veleon L Pon
Ji1 J12 \/§§23( 25((11()51()02_) )fm
C= 911 g12 \/5(72913

\/(1 o f(a ) 5(01()(151(512)) \/@;’_12 /E(Cg()ff;l2)$_13

So for both A and C to be unitary, we must have |fi2| = |g12|, hence |fi2|?> =
l912|* = 1(1 — £(az)). This implies that

Pl = 1= 50— gaa)) - 2 + 28
gulP = 1=l ~lgsil = 1 5 (1 - &(a2)) — €(c2).

Note again that all these values are positive by Lemma B.I] and Lemma BZ. In
order for A and C to be unitary we need to check that |f11|* + |[g11|> + |o11]* = 1.
This is done using equations (B4l) and (B5).
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This shows that the rows and columns of A and C' are normalized. Now we have
determined the absolute values of the entries in the three upper left 3 x 3 blocks of
the table, and we are only left with determining the absolute values of the entries
zij. They either belong to some 2 x 2 block of U or of V. For given k we have, by
letting ag = by = ¢p = d, that all the 2 x 2 blocks of U are of the form
((a?ixi_l, Tiowi1) (Tirio1, xﬂ%‘—l)) ((xixi—17xixi+1) (wiwi—17xi+2xi+l)>

(Timiv1, viowic1)  (Ti%ip1, Tizio1) ) \(Ti%ip1, Tivit1)  (TiTiy1, TigaTit1) )’
where either x; = a; for all i, or z; = b; for all i, or z; = ¢; for all 4, and 7 is even.

This means that for each even i, 1 < i < k, we have a 2 x 2 block of U whenever
the vertex x;41 of 'y, exists, and another 2 x 2 block whenever the vertex ;o also
exists. This gives a total of (kK —2) 2 x 2 blocks for both x = a and x = b. For
x = c we get (k—3) 2 x 2 blocks, since the ¢ ray has length £ — 1. So a priori we
have a total of 2(k — 2) + (k — 3) 2 x 2 blocks of U. But since we have that the
connection is symmetric under ¢, the 2 x 2 blocks arising as above labeled by the
a-ray, respectively the b-ray, are the same; see Table 1. For instance we have

(aza1,a2a3) (azai,asas)\ _ (za7 za10\ _ ((b2b1,b2bs) (b2by, babs)
(azas, aza3) (asas,asas) 277 27,10 (babs, babs)  (babs,babs) )

Thus we are left with a total of (k—2)+ (k—3) 2 x 2 blocks of U. The total number
of 2 x 2 blocks of V' is the same. In the case of k = 4 we get the following 2 x 2

blocks of U:
TIl 244 T33 266 Zo7  Z4,10
zr1 zra)’ \zo3 zo6/)’ \zrr %7110)’

and the following 2 x 2 blocks of V:

o ~ o ~ ~
|T11|011 217 |733|033 239 274 277
~ ) ~ ) ovd ~ 3
244 247 266 269 210,4  210,7

by using equation (B7)) and the coefficients. Let

o ~
A= T11  R44 , B= |7'11|U11 il? )
271 274 244 247
For both of these matrices to be unitary we must have that |z71] = |Z17| and

|z7a| = |Za7|- This is part of the general pattern we get by comparing the 2 x 2
blocks of U to the 2 x 2 blocks of V', which gives

|2i5] = 124l
for all ¢ and j, by remembering that the coefficients have inverse symmetry across

the diagonal. So by using this it is enough to compute the absolute values of the
entries of the 2 x 2 blocks of U. From the first one we get

|zaal® = |zn? = 1= |m1l?, |24l = |l
and from for the second one we get

|lz05]° = |z66]> = 1 — |733]%,  |206] = |733].
We can continue this way, since in each 2 x 2 block we have already determined
the absolute value of the entry in the upper left corner, which then determines the
absolute values of the last three entries, since the rows and the columns have to be

normalized. By using the fact that |z;;| = |Z;;| and the coefficients, we find all the
absolute values of the entries of U.
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3.1.3. Consistency of the assigned absolute values. We have found the absolute
values of the entries of U, such that all 3 x 3 and 2 x 2 blocks of U and of V have
rows and columns normalized. We need to also check that the 1 x 1 blocks of U
and of V have absolute value one. The entries of these 1 x 1 blocks appear in Table
1 on the outer diagonals and as the last two entries on the inner diagonals at the
lower right corner corresponding to the end points of the rays (see Tables 2 and 3).
Let us work our way down to find the pattern. By using alternating 2 x 2 blocks
of U and of V, we see that

|T11| = |274],  |Z7a| = |Z10,7],  |210,7] = |213,10],  |Z13,10] = |Z16,13] - - -
and

ITs3| = |z06], |Zo6| = [212,0], [212,0] = [215,12],  [Z15,12] = |Z1815] - - -,

hence by using the coefficients we get

1 . §(e1) 1|2 = | 20a]? = 5(a3)|g74|2 §(as) Z10.1?
£(az) &(ar) £(a1) §lar)
_ &(as)€(as) 71042 = §(az)é(aq) 113 102
£(ar)é(az) §(ar)é(az)
_ §(CL$)€(G4)€(G5)|z 2 = §(aa)¢(as) Fro1s|
€(an)€(az)é(as) M T Ela)g(an) T
_ §(as)é(as)€(ac) 21610[2 = §(as)¢(as) I10.16]
§(a1)é(az)é(aqe) §(ar)€(az)

and

1 _ 2§(a1) |733|2 _ |296|2 _ 5(03)|596|2
fle2)  &(er) (ar)
_ &) Zio? 5(03)5(04)| saaf? =
£ler) ™ £(e1)é(e2)
_ &(es)é(ea)élcs) Figas|? = §(ca)é(cs) Zisas|?
€(c1)€(c2)€(cs) £(c1)é(e2)

Given k we have that Table 1 is (3k — 1) x (3k — 1), hence the entries on the lower
inner diagonal, which are 1 x 1 blocks in U, are zr_2),(3k—5) and 2(3k—3),(3k—6)
corresponding to the cells (axar—_1,ax—2ax—1) and (ck—20x—1, Ck—2Ck—3). In fact we
have four such elements, two on each inner diagonal, where the two ones on the
upper inner diagonal are 1 x 1 blocks in V. But again due to symmetry, it is enough
to work with the two on the lower inner diagonal. By relating them to either 71
or 733 as above, we arrive at the following two equations, which must be satisfied
in order for our construction to give a symmetric connection:

(3.8) §(ar) —€(ar)é(az) — &(e1)é(az) = E(ak—1)&(ak),
(3.9) §(er) —26(ar)é(c2) = &lek—2)8(ck-1)-

We will show later that these identities are satisfied.

Let us find the other identities which must be satisfied. Consider the outer
diagonal elements. We know that they are 1 x 1 blocks in either U or V, but we
have also found their absolute values in terms of the absolute value of an inner
diagonal element by using that they are part of a 2 x 2 block of either V' or U.
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Moreover we have related the absolute value of the inner diagonal elements to 711
and 733, respectively. Let us work through the first few cases:

1) |Z71|2 =1- |7'11|2 and |Z71| = 1, so 75(51()&53()@2) =1- (5(;) —1- g(cl))7 thus

&(a1)
(az) = &(a1)é(az) — &(ar) + &(a1)é(az) + &(c1)é(az).

2) |23/ = 1 — |733|% and |Ze3] = 1, i.e. Slea) ( L 25(2)>, hence

gc)E(ea) — + 7 \&lea) €(c1)
€(c3) = &(c1)é(c2) — E(er) + 26(ar)é(cz).
3) |510,4|2 =1- |574|2, |21074| = 1, and |Z74| = |T11|, i.e.
£(as)€(ar) =, &), oo &la),
Qailas) L= gyl = gy !

Lt (1 €
' ) (£(a2> ! £<a1>)
o, @) la1) | &(er)
= Ew)tlas) T Eas) T E(as)

thus
§(ag)é(ar) = E(az)é(az) — &(ar) + &(ar)é(az) + &(c1)é(az).
4) |512,6|2 =1- |396|2; |312,6| =1 and |296| = |’7’33|, hence
fle)f(cr) o2 =1 (cr) el — 1 — (cr) |2
i) LI E g el = Il
oy Sl JEa) &) £(a1)
= ) <5<c2> 25@1)) ' E)elen) T e )
thus

§(ca)é(cr) = &(e2)é(e3) — &(er) + 26(ar)é(cz).

It follows that in general when the a-ray has length k£ and the c-ray has length
k —1, and if we let &(ag) = &(co) = 1, then we get the identities

(3.10)  &(as)é(air1) — &(aiy2)é(ai—1) = &(ar) — &(ar)€(az) — &(c1)é(az)
for1<i<k—2and

(3.11) §(ci)é(cit1) — &(cire)é(cim1) = &(c1) — 2€(ar)§(c2)

for 1 <i<k-3.

Here we note that only the left-hand side depends on 4, and that the right-hand
side is the same as the left-hand side of (B8) and ([B9). If the four identities (3.8,
(B9), BI0) and (3I1) are satisfied, we have found consistent absolute values of
the entries of the connection. In [I8] Schou proved identities of the same type in
order to find a connection. But since we want a connection, which is symmetric
with respect to the map ¢, the identities we have to prove are more special. Using
the facts that the a-ray has length k& and the c-ray has length k — 1, and denoting
A by A, we get that

(3.12) 2Rj.—1(N)? = Re(N)?,

by using the eigenvalue equation and the recursive definition (B3]).
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Lemma 3.2. For all k > 3 we have

(3.13) €(ar) = &(ar)€(az) — £(c1)€(az2) = &lar—1)€(ar),
(3.14) f(cr) —28(ar)é(c2) = &(ew—2)é(cr—1).
Moreover for fived k > 3 we have

(3.15) §(ai)é(ait1) — &(aiv2)€(ai-1) = &(ar—1)&(ar)

for1 <i<k-2.

Proof. Let k > 3 be fixed. By using 3.4) and (B3], we get that (3.13) holds iff
Ri(M)Ri—1(A)? = Ri—1(A)*Ri—2(A) = Ri(A)Ri—2(A)* — ARi—1(A) = 0.

By using (3:12)) we compute that this equals

ARk,l(A)(%Rk(A)Q — Rp(AM)Rp_2(\) — 1).

Thus the above equation holds iff Rx_1(\)? — Rg(A\)Rg—2(A) —1 = 0. We claim that
this is in fact true for arbitrary A, i.e. we claim that R, _1(7)?— R, (z)R,—2(2)—1 =
0, ¥n > 2. This is shown by induction. The rest of the identities are proved along
the same lines. (]

This concludes the proof that absolute values for a symmetric connection can
be found in our examples, independent of k. In the case kK = 4 the absolute values
can be seen in Table 4. Note that due to the equations we just solved, most of the
above entries can be expressed in different ways.

3.1.4. Complex phases. Recall that we denote the complex phase of the element z;;

by g'ij. Also recall that we had a diagonal symmetry of the form |z;| = |Zj;]| for
the absolute values, due to the structure of the 2 x 2 blocks of U and of V.. We will

again take advantage of this symmetry by lettmg z” = z]l for the entries labeled

by z. Furthermore we let a” = Tj“ fm = f31, and g13 = g31 This will simplify
the situation by making pairs of blocks the same, hence as in the case of absolute
values, this allows us to restrict our attention to the blocks of U. In particular we
only have to deal with two 3 x 3 blocks.

Let us first consider the 3 x 3 block A from U, which we have already determined
as

o o o
04f11 5911 do11
[e]

— o o
A=\ 2g1s xfiz boiz |>
o

yfs1 a9§1 00?31
with the obvious definitions of «, 8,d,x,b,a,y,c. By the gauge freedom (see [])

we can assume that A has the following special form with complex phases 1 in the
second row and the second column

Oéhl 6 dhg
A=~ =z b |,
yhs a chy

where h; € {z € C| |z] = 1}, 1 < i < 4, that is, h; denotes the complex phase.
We will find the complex phases for A, and then use these and the gauge freedom
to find the complex phases for the other 3 x 3 block B, and then work through



Table 4: The absolute values of the connection U

Cells d(l] db] dC] a2a1 be] ca2Cy aas3 b2b3 c2C3 aagas b4b3
day vi Yo VEG—€)  JE0-¢@2) Y 3 VE(az) |/ S
dby ||F(0 ¢z JEA €2 y2 1 Ve R VE(az) I 1
HEm) e fapE(es)  [e@pEleay|| [Eeney| [elenetaz)
de fany T VE(e) VE@) /e O A G Har Harr T4 1
asai x1 1 1 v1— 1? ys V %
baby 1 o 1 1—xf s V taSes
cacq 1 1 To 1-— :c% 1
. €(a3) &(aq)
azas V €a1)é(az) 1 Ya €(az)
€ €(a)
babs V E@nE(an) T Ya €(a2)
cacs V Eenélen) vz
asas 1 1
babs 1 1
where
_ 11 _ &) _ 1 9&(a)
T = Vg T Eey T2 =\ gy " 2@y
z3 = &(a2)m, Ty = §(ca)wa,
_ 1 §(c1) _ 1
Y1 = \/1—5(1—5(%))— £(an) +26(c2), y2 = 1—5(1—=¢&(a2)) —&(ca),
_ &(a1) _ _ &(a1) 2
Ys Y, €(a2)E(az) *3 Ya = 1 €(ag) L1

SHIVNDS ONLLANWNOD WOYA SHOLOVAINS A0 SINSTHdAHOWO.LNV

6€9C
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bd)2 52 2
the 2 x 2 blocks. Sety—% hi =7 +iy1 =792 ho = ﬂx—axhl)bd,
hs = (—=x —aﬁhl)ay, and hy = (—wa—zyhs) . Then |hy| = |he| = |hs| = |ha| = 1,
and with these complex phases A is unitary. Usmg the gauge choice, we know that
A of the form

’7151h104 ’71525 ’7153h2d
A= | mdiz Yz  Ydszh
v301h3y  y3d2a  y3d3h4c

is unitary, where v1,72,7vs,01,02,935 € {z € C| |z| = 1} are arbitrary.

Note that we had a choice above whether to use hy = v + iy/1 —~2 or hy =
v —iy/1 —~2, i.e. of whether to use hy or hy. If we use hi, then we also get the
complex conjugates of the other entries of the matrix A. This choice does not
correspond to the gauge freedom.

Consider the 3 x 3 block B, which we have previously determined as

1— 25(01)5(02)f13 / (agl()fl()cz)g‘i3 E((IEI()CI()CQ)Uia

B = (agl()cgl()CZ) _ 2€(al)€(cz)f13 E(agl()c ()62)033

f@ECa)
s 2 s 2 1 - 28y

[e] [e]
Using the complex phases from the matrix A, and fi3 = f35, 513 = 531, we see
that B has the special form

Ov301hs  wyzdy  wors
B = ’U}’}/352 9’}/351]13 woig s
(o) (o)
wf33 wfzz  Ooss

where w and 6 are the absolute values. We can transform this by using the gauge
freedom to

0v301hs  wy3d2 w Ok, wky w

wyzdy  Oy301hs w L = | wky 0k w
[e] ° = [e] _1

w w 0033 fs3 o013 w w Ok

Set hs = 102h3 = —35g T 1 02, k1 = hZ, ko = hs, and k3 = 1 (this choice
comes from the gauge freedom) Then |k1| = |k2| = |ks| = 1 and the matrix B

is unitary. Set 013 = 033 = f33 =1,v =1,02 = hs, 61 = h5h3 Then we have
determined the elements 3, 41, and d2 occurring in A. Note that only 71,2 and d3
are now free variables of absolute value one. This means that we have determined
complex phases such that all our 3 x 3 blocks are unitary.

Now let us work with the 2 x 2 blocks. Recall that by symmetry we only need
to work with the 2 x 2 blocks from either U or V. Thus let us consider

S _&a) °
A = 5(a> L— Semdshe /gt

e flay) .0
—1-&egen 3\ e o
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by the previous computations. Set d3 = 1, 713 = éo, 224 = 2(1)7 =1, 227 = —1; then
Aj is unitary. Now

RPYCH) [ e
A, = | Ve e (1 )E(2) 00
) =

&(c3) o 1 oé(a1) °
e 293\ Tea) ~ 2&(er) 296
Thus set zgﬁ = zgg =1, 236 = —1; then Ay is unitary. This way we can work our

way down towards the lower right corner of Table 1 by letting each 2 x 2 block have
three elements with complex phase 1 and one element with complex phase —1. This
concludes the construction of the symmetric connection. In the case of k = 4, the
complex phases are given in Table 5, where 0 = hihohgh2, 0 = hohs, 03 = h_ghg
and hy, ho, hg, hy and hs are as above.

Table 5: Complex phases of the connection U
Cells day dby der aza1 | b2b1 | c2c1 aza3 | b2bz | cacs | asas | babs
da1 01 02 h5 03 h§ h5 1 1 1 1
dby || 03 hs | 02 01 | hs K2 1 1 1 1
dCl h§ h5 h5 h% 11 h4 h4 1 1
a2a1 1 1 h4 1 -1 1
baby 1 1 ha 1 -1 1
C2C1 1 1 1 1 -1
a2as3 1 -1 1 1
babs 1 -1 1 1
C2C3 1 —1
a4a3 1 1
babs 1 1

3.2. The result. From the commuting square ([B1l) we construct both the hori-
zontal and the vertical subfactors as explained in section 2. They are irreducible
due to Wenzl’s dimension estimate [20], since the graph I'y, in Figure 2 has a vertex,
which is only connected to one other vertex by a single edge. Moreover the verti-
cal one, the Haagerup-Schou subfactor, has index ||G||?>. These index values are
between 4 and 4.5 [18]. We conclude from [7], [1], and [2] that the vertical subfac-
tors constructed from the initial commuting square (3.I]) based on the graphs I'y, for
k > 3 have principal graphs A,,. Thus in particular the Haagerup-Schou subfactors
have infinite depth. This implies that the horizontal subfactor has infinite principal
graph, too [17]. Moreover by a result of Popa these subfactors are non-amenable,
since their index is larger than the norm of the principal graph [16]. Using the
notation of section 2 what we have achieved is summarized in the following.

Theorem 3.3. Let I'y, denote the graph in Figure 2 and consider the non-degenerate
commuting square

G,
A10 C A117 T
(3.16) Gkch -1 U U chka -1
Ao C  An
Gk

where the trace T on A1y is the normalized Markov trace and Agg is abelian. Let ¢
be the graph automorphism of Ty, which switches the a-ray and the b-ray and the
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double d-d edge in GG, — I as described above. In particular ¢ is non-trivial on
the set of vertices. Let k > 3. Then the commuting square BI) has a symmetric
connection with respect to ¢. Let N C M denote either the vertical or the horizontal
subfactor constructed from B.1) and define @11 as in Definition Then @11 is
a commuting square automorphism, hence extends to an automorphism @ of both
the horizontal and the vertical subfactors. Moreover ¢ is not inner, i.e. @ is not of
the form Ad(u) for w € U(N).

Proof. Let k > 3. For this series of examples we have explicitly constructed a
symmetric connection, hence the result follows from Theorem 2.17. O
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