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AUTOMORPHISMS OF SUBFACTORS
FROM COMMUTING SQUARES

ANNE LOUISE SVENDSEN

Abstract. We study an infinite series of irreducible, hyperfinite subfactors,
which are obtained from an initial commuting square by iterating Jones’ basic
construction. They were constructed by Haagerup and Schou and have A∞ as
principal graphs, which means that their standard invariant is “trivial”. We
use certain symmetries of the initial commuting squares to construct explicitly
non-trivial outer automorphisms of these subfactors. These automorphisms
capture information about the subfactors which is not contained in the stan-
dard invariant.

1. Introduction

The theory of subfactors was founded by Jones in [8]. He introduced the first
invariants for inclusions of II1 factors N ⊂ M , namely the Jones index and the
principal graphs, and showed that if the index is less than 4, then it has to be of the
form 4 cos2 π

n for some n ≥ 3. In this case the principal graphs are Coxeter-Dynkin
graphs of type A, D, or E. It turns out that in general the principal graphs do
not determine the subfactor. A finer invariant, the so-called standard invariant, of
a subfactor N ⊂ M of finite Jones index is obtained as follows ([8], see also [5]):
By iterating the basic construction for N ⊂ M we obtain a tower of II1 factors
N ⊂M ⊂M1 ⊂M2 ⊂ · · · canonically associated to N ⊂M . The trace-preserving
isomorphism class of the following sequence of commuting squares of higher relative
commutants

C = M ′ ∩M = M ′ ∩M1 ⊂ M ′ ∩M2 ⊂ M ′ ∩M3 ⊂ · · ·
∪ ∪ ∪

C = M ′1 ∩M1 ⊂ M ′1 ∩M2 ⊂ M ′1 ∩M3 ⊂ · · ·

is then the standard invariant for N ⊂M .
One of the main problems in the theory of subfactors is the classification of sub-

factors of the hyperfinite II1 factor R. To this end Popa introduced a concept
of amenability for subfactors and proved that the standard invariant is a complete
invariant for amenable subfactors of R [16]. If the (hyperfinite) subfactor is not
amenable, then invariants other than the standard invariant are likely to become
important. In particular, if the Jones index [M : N ] is larger than 4 and the princi-

Received by the editors December 9, 2002 and, in revised form, June 2, 2003.
2000 Mathematics Subject Classification. Primary 46L37, 46L40.

c©2004 American Mathematical Society

2515



2516 ANNE LOUISE SVENDSEN

pal graphs are A∞ (this means that the standard invariant is “trivial”, i.e. consists
of just the Temperley-Lieb algebras), then it is not clear how to capture properties
of such a subfactor. One attempt to try to do this is to study the group of subfac-
tor automorphisms, i.e. outer automorphisms of M , which leave the subfactor N
globally invariant.

In this paper we study an infinite series of irreducible, hyperfinite subfactors
of this type. Their Jones indices lie between 4 and 4.5 and they have principal
graphs A∞. These subfactors were previously obtained by Haagerup and Schou by
constructing a non-degenerate commuting square and iterating Jones’ basic con-
struction for the multi-matrix algebras in the commuting square [18]. The initial
commuting squares have some very nice symmetries, which are however no longer
present in the standard invariant, since it is trivial (in the above sense). It turns
out that these symmetries can be used to construct explicitly outer automorphisms
of order two for this infinite series of Haagerup-Schou subfactors. Note that work
on automorphisms of subfactors has been done by several authors; see for instance
[6], [11], [12], to mention just a few articles relevant for the work below.

A more detailed description of the paper follows. Section 2 is a review of a general
method for constructing an automorphism of a subfactor by using the symmetries
of the inclusion graphs of the initial commuting square to construct a symmetric
connection. We work in the string algebra representation and use Ocneanu’s bi-
unitary condition to describe the initial non-degenerate commuting square ([13],
[14]). We use the notation from Haagerup and Schou [18]. Using the string algebra
representation we consider graph automorphisms of the four individual inclusion
graphs, which preserve Perron-Frobenius weights and match with the structure of
the commuting square, i.e. respects the identification of the vertices in the com-
muting square. For such a collection of graph automorphisms to give rise to an
automorphism of the commuting square, the unitary matrix which gives the con-
nection and has entries labeled by the four graphs, has to be invariant under the
map arising from the graph automorphisms, i.e. the connection has to be symmet-
ric. When this is the case the graph automorphism gives an automorphism of the
commuting square, which extends to an automorphisms of the subfactor. Under
a mild condition this subfactor automorphism is outer. The results in this section
are well known; see for instance [6].

In section 3 we investigate the series of Haagerup-Schou subfactors. They are
constructed from initial non-degenerate commuting squares, which have the graph
shown in Figure 1 as one of the inclusion graphs.
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We consider the series of examples where m = k−1 for k ≥ 3. The symmetry we use
is the graph automorphism which switches the a- and b-rays. We compute explicitly
a symmetric connection for the infinite series of examples, in the course of which
we have to show several polynomial identities. Our computations are similar to
commuting square computations performed by Haagerup and Schou, but they are
more special since we want to construct a symmetric connection. This means that
the entries of the connection have to satisfy many more identities. (Observe that
it is in general not true that these identities have solutions). It then follows that
we have constructed an outer automorphism of order two of each of the subfactors
in the infinite series of Haagerup-Schou subfactors. The construction of an outer
automorphism of order two can also be carried out using the same method for each
of the subfactors in the infinite series of examples of Haagerup-Schou subfactors
with m = k − 2 for k ≥ 4 [19].

2. Construction of automorphisms of subfactors

via symmetric connections

In this section we review a method that leads to the construction of an auto-
morphism of a subfactor from symmetries of the inclusion graphs by construting a
symmetric connection.

We consider the following situation. Let A00 ⊂ A01 ⊂ A11, and A00 ⊂ A10 ⊂
A11 be inclusions of four finite-dimensional C∗-algebras with inclusion matrices
G, K, L, and H as follows:

L
A10 ⊂ A11

K ∪ ∪ H
A00 ⊂ A01

G

(2.1)

The algebras are finite-dimensional C*-algebras, hence they are direct sums of ma-
trix algebras. Let Mnm(Z) denote the n×m matrices over Z. Since G, H, K, and
L are inclusion matrices we have that G ∈Mnm(Z), L ∈Mpq(Z), K ∈Mnp(Z), and
H ∈ Mmq(Z) are matrices with non-negative entries, where n denotes the number
of simple summands of A00, m denotes the number of simple summands of A01, p
denotes the number of simple summands of A10, and q denotes the number of sim-
ple summands of A11. Let ΓX be the bipartite graph corresponding to the matrix
X , i.e. the graph with adjacency matrix

∆ΓX =
(

0 X
Xt 0

)
.

For an inclusion matrix X we let (ΓX)even be the vertices labeling the rows of X
and (ΓX)odd be the vertices labeling the columns of X . Since both (ΓK)even and
(ΓG)even label the simple summands of A00, we have an identification between the
even vertices of the bipartite graphs ΓK and ΓG. Similarly the odd vertices of ΓG
are identified with the even vertices of ΓH , the odd vertices of ΓK are identified
with the even vertices of ΓL, and the odd vertices of ΓL are identified with the
odd vertices of ΓH . We will suppose that all the graphs ΓG, ΓH , ΓK , and ΓL are
connected. Recall that the graph ΓX is connected if and only if the matrix XXt is
irreducible, if and only if the adjacency matrix ∆ΓX is irreducible [5].
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Let τ be a fixed normalized trace on A11. Then (2.1) is a commuting square with
respect to τ if EA01EA10 = EA00 , where EX denotes the unique trace-preserving
conditional expectation onto the algebra X [5]. It is clearly necessary that GH =
KL, but we will furthermore require that GtK = HLt, which is equivalent to
requiring that A01 · A10 linearly spans A11. A commuting square satisfying this
condition is called non-degenerate [16], [18]. Recall that the concept of a commuting
square was introduced by Popa in [15]. Throughout this section we work with a
fixed normalized trace τ on A11 and assume that the inclusion of the four finite-
dimensional algebras in (2.1) is a non-degenerate commuting square.

2.1. Commuting squares, the bi-unitary condition. From now on let us as-
sume that A00 is abelian, i.e. A00

∼= C⊕C · · ·⊕C, where we have n copies of C. We
have that A01 =

⊕m
r=1A

r
01, so

√
dim(Ar01) is the number of paths from A00 to Ar01

on ΓG, since the inclusion A00 ⊂ A01 is given by the matrix G. Hence we can use
the set of all paths from A00 to A01 as an orthonormal basis for the Hilbert space,
on which A01 acts. We work in the general setting, where the inclusion graphs are
allowed multiple edges, and use the notation from [18].

Definition 2.1. Let

S = {(i, j, k, ρ, σ) | GijHjk 6= 0, 1 ≤ ρ ≤ Gij , 1 ≤ σ ≤ Hjk}.

Then S labels the paths from A00 to A11 via A01, that is, (i, j, k, ρ, σ) labels the
path denoted by ξ

(ρ,σ)
(i,j,k) on GH going Ai00 − A

j
01 − Ak11, using the edge ρ between

the vertices i and j and the edge σ between the vertices j and k. These edges exist
since GijHjk 6= 0. The set S := {ξ(ρ,σ)

(i,j,k) | (i, j, k, ρ, σ) ∈ S} is an orthonormal basis

for H :=
⊕q

r=1C
√

dim(Ar11).

Definition 2.2. Let

T = {(i, l, k, ζ, ψ) | KilLlk 6= 0, 1 ≤ ζ ≤ Kil, 1 ≤ ψ ≤ Llk}.

Then T labels the paths from A00 to A11 via A10, that is, (i, l, k, ζ, ψ) labels the
path denoted by η

(ζ,ψ)
(i,l,k) on KL going Ai00 − Al10 − Ak11 using the edge ζ between

the vertices i and l and the edge ψ between the vertices l and k. These edges exist
since KilLlk 6= 0. The set T := {η(ζ,ψ)

(i,l,k) | (i, l, k, ζ, ψ) ∈ T } is an orthonormal basis

for H =
⊕q

r=1C
√

dim(Ar11).

When (i, j, k, ρ, σ) ∈ S and (i, l, k, ζ, ψ) ∈ T we have what is called a cell con-
sisting of two paths, one in S and one in T with the same startpoint and the same
endpoint. We can either use S or T as an orthonormal basis for the Hilbert space
H =

⊕q
r=1C

√
dim(Ar11), on which A11 acts. So the bases S and T are unitarily

equivalent, i.e. there is a unitary operator U : H → H identifying the bases. Let

u
(i,k)
(j,ρ,σ),(l,ζ,ψ) = 〈Uξ(ρ,σ)

(i,j,k), η
(ζ,ψ)
(i,l,k)〉,(2.2)

with 〈 , 〉 denoting the inner product on the Hilbert spaceH. We will also sometimes
denote this by 〈 | 〉 in order to avoid confusion. Then U has the form

U =
⊕
(i,k)

u(i,k), u(i,k) = (u(i,k)
(j,ρ,σ),(l,ζ,ψ))(i,j,k,ρ,σ)∈S, (i,l,k,ζ,ψ)∈T ,
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i.e. U is a direct sum of unitary matrices. Observe that the entries of U are labeled
by the cells and that condition (2.2) can be restated as

Uξ
(ρ,σ)
(i,j,k) =

∑
l,ζ,ψ

u
(i,k)
(j,ρ,σ),(l,ζ,ψ) η

(ζ,ψ)
(i,l,k) ,(2.3)

thus in the η-basis the ξ-basis is written as above. Note that we have used nei-
ther the commuting square nor the non-degeneracy condition, hence having such
a unitary matrix U is equivalent to just having an inclusion of four multi-matrix
algebras.

The following theorem is due to to Ocneanu [13], [14]; see also [18].

Theorem 2.3. Let S and T be as in Definitions 2.1 and 2.2. The square of multi-
matrix algebras

L
A10 ⊂ A11, τ

K ∪ ∪ H
A00 ⊂ A01

G

where GH = KL and τ is a normalized trace on A11, is a non-degenerate commut-
ing square, if and only if there exists a unitary matrix U ,

U =
⊕
(i,k)

u(i,k), u(i,k) = (u(i,k)
(j,ρ,σ),(l,ζ,ψ))(i,j,k,ρ,σ)∈S, (i,l,k,ζ,ψ)∈T ,

so that U is a direct sum of unitary matrices, and such that if

v
(j,l)
(i,ρ,ζ),(k,σ,ψ) =

√
αiδk
θjγl

u
(i,k)
(j,ρ,σ)(l,ζ,ρ)(2.4)

(where we use z to denote the complex conjugate of z), then

V =
⊕
(j,l)

v(j,l), v(j,l) = (v(j,l)
(i,ρ,ζ),(k,σ,ψ))(i,j,k,ρ,σ)∈S, (i,l,k,ζ,ψ)∈T ,

is also a direct sum of unitary matrices, where ~α, ~θ, ~γ, and ~δ denotes the trace
vectors corresponding to τ on A00, A01, A10, and A11, respectively.

The matrix U is called a connection and the condition in the theorem is called
the bi-unitary condition. Note that we use here the notation in [4]. The notation
in [18] does not use the complex conjugation in (2.4). Thus the matrix V in [18]
differs from our V above by a complex conjugation of the entries.

2.2. A lattice of commuting squares. Recall that for an inclusion A ⊂ B of
multi-matrix algebras, a Markov trace of modulus λ (λ > 0) on B is the unique
normalized trace τ0 on B, which has an extension to a trace τ1 on B1 such that
τ1(xe) = λ−1τ0(x) for all x ∈ B, where A ⊂ B ⊂ B1 = 〈B, e〉 is the basic
construction [8]; see also [5]. Then the trace τ1 is a Markov trace of modulus λ for
the inclusion B ⊂ B1, hence in this way we get a Markov trace on each algebra in
the tower A ⊂ B ⊂ B1 ⊂ B2 ⊂ · · · . Thus we get that

⋃∞
i=1Bi

w
has the unique

trace τ , where τ |Bi = τi for all i, hence is the hyperfinite II1 factor. Moreover
when G denotes the inclusion matrix of A ⊂ B, then τ is a Markov trace of modulus
λ for A ⊂ B if and only if GtG~s = λ~s, where ~s is the trace vector corresponding to
τ , and in this case λ = ‖G‖2 = [B : A] [8], [5].
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Suppose from now on that the normalized trace τ on A11 is a Markov trace
for the inclusion A10 ⊂ A11 of modulus ‖L‖2. Then since the commuting square is
supposed to be non-degenerate, τ is also a Markov trace for the inclusion A01 ⊂ A11

of modulus ‖H‖2, and its restrictions gives Markov traces for the inclusions A00 ⊂
A10 and A00 ⊂ A01 of modulus ‖K‖2, respectively ‖G‖2. Moreover ‖K‖ = ‖H‖
and ‖G‖ = ‖L‖ [18]; see also [5], [9]. Apply the basic construction both vertically
and horizontally, i.e. let A12 = 〈A11, e1〉, where e1 is the Jones projection of A11

onto A10. Then

A00 ⊂ A01 ⊂ 〈A01, e1〉 =: A02

is also the basic construction, due to the non-degeneracy [9]. Similarly let A21 =
〈A11, f1〉, where f1 is the Jones projection of A11 onto A01. Then

A00 ⊂ A10 ⊂ 〈A10, f1〉 =: A20

is also the basic construction [9]. Iterating this process gives a lattice of commuting
squares

...
...

...

A20

G
⊂ A21

Gt,e1⊂ A22

G
⊂ · · ·

Kt,f1 ∪ Ht,f1 ∪ Kt,f1 ∪

A10

L
⊂ A11

Lt,e1⊂ A12

L
⊂ · · ·

K ∪ H ∪ K ∪

A00

G
⊂ A01

Gt,e1⊂ A02

G
⊂ · · ·

(2.5)

Note that if the original commuting square has connection U , then the next non-
degenerate commuting square which we get by applying the basic construction
either vertically or horizontally has connection V , where U and V are related as in
Theorem 2.3. We have

Aij = 〈Ai,j−1, ej−1〉 for j ≥ 2, Aij = 〈Ai−1,j , fi−1〉 for i ≥ 2,

where {e1, e2, e3, . . .} and {f1, f2, f3, . . .} are the horizontal, respectively vertical,
Jones projections. Since the trace τ on A11 is Markov, it extends uniquely to a
trace τ on each of the algebras Aij . Let

Ai∞ =
⋃∞

j=1
Aij

w

, A∞j =
⋃∞

i=1
Aij

w

, A∞∞ =
⋃∞

i,j=1
Aij

w

for all i, j ≥ 0. Then τ extends by continuity to these algebras, and τ is the unique
trace, hence we get factors, which clearly are hyperfinite. The first unital inclusion
of hyperfinite factors, which we got from applying the horizontal basic construction,
namely A0∞ ⊂ A1∞, will be called the horizontal subfactor. It has index ‖K‖2 and
its basic construction is given by A0∞ ⊂ A1∞ ⊂ A2∞ ⊂ · · · . Similarly we call the
first unital inclusion of hyperfinite factors, which we got from applying the vertical
basic construction, namely A∞0 ⊂ A∞1, the vertical subfactor. It has index ‖G‖2
and its basic construction is given by A∞0 ⊂ A∞1 ⊂ A∞2 ⊂ · · · .
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2.3. The string algebra representation. In this section we introduce the string
algebra representation following [13]; see also [4] and [3]. The goal is to define an
automorphism of each algebra Aij in (2.5), and then extend it to an automorphism
of both the vertical and the horizontal subfactors. In order to achieve this we
will work in the string algebra representation of Aij . Fix i and j and consider
the algebra Aij =

⊕s(i,j)
r=1 Arij , where Arij is a matrix algebra. A basis for the

Hilbert space on which Aij acts is given by paths of length i+ j (where the length
of a path is the number of edges in the path) on the graphs ΓX , where X ∈
{ G, H, K, L, Gt, Ht, Kt, Lt }, going i steps up and j steps to the right
in (2.5). Thus a path starts either on ΓK or on ΓG. Consider a fixed ordering
of these i steps up and j steps to the right. This fixes a Bratteli diagram for
the inclusion A00 ⊂ Aij . An orthonormal basis for the Hilbert space on which
Arij acts is in this representation given by all paths on this fixed Bratteli diagram
ending at the vertex labeling the simple summand Arij of the algebra Aij . As an
example consider the inclusion A00 ⊂ A22. The different Bratteli diagrams for this
inclusion are ΓK ΓKt ΓG ΓGt , ΓK ΓL ΓHt ΓGt , ΓK ΓL ΓLt ΓKt , ΓG ΓH ΓLt ΓKt ,
ΓG ΓGt ΓK ΓKt . Moreover the dimension of Arij is the number of paths of length
i+ j on the Bratteli diagram ending at the vertex labeling Arij .

Suppose Arij has dimension n2
r; then we have paths ξ1, ξ2, . . . , ξnr from A00 to

Arij . We define an inner product as follows.

Definition 2.4. Let

〈ξi, ξj〉 = δij ,

for paths ξi and ξj on a fixed Bratteli diagram for the inclusion A00 ⊂ Aij ending
at the vertex labeling Arij . Extend linearly in the first entry and conjugate linearly
in the second entry. Then {ξi | 1 ≤ i ≤ nr} is an orthonormal basis for Hr := Cnr .
Furthermore let

eij = (ξi, ξj) ∈ B(Cnr ), (ξi, ξj)(ξk) = 〈ξk, ξj〉ξi,
and extend by linearity to get a representation of the matrix units eij of Arij with
respect to the basis consisting of the paths ξ1, ξ2, . . . , ξnr . The pair (ξi, ξj) is called
a string and will often be denoted by σ = (σ+, σ−).

We do the same construction as above for each simple summand of Aij and let
paths with different endpoints belong to different Hilbert spaces Hr, 1 ≤ r ≤ s(i, j),
to get a representation of Aij on H =

⊕s(i,j)
r=1 Hr, with the obvious operations, since

strings correspond to matrix units. Note that Arij ·Hs = {0} if s 6= r. This is called
the string algebra representation of Aij associated to the fixed Bratteli diagram. We
obtain in this way string algebra representations of all the algebras Aij , i, j ≥ 0.

Observe that a priori the string algebra representations obtained above depend
on which Bratteli diagram we initially fix. But since the matrices U and V give
identifications of paths, string algebra representations from different Bratteli dia-
grams are equivalent.

We aim to construct an automorphism of each algebra Aij by using certain graph
automorphisms of the inclusion graphs, and then show that the automorphism is
compatible with the structure of the lattice and preserves the trace, such that it
extends to an automorphism of the subfactor. With this in mind we recall how
the embedding and the trace is expressed in the string algebra representation. In
particular we also include a short discussion of the Perron-Frobenius weights, since
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we will require that the graph automorphisms preserve these, from which it will
easily follow that the algebra automorphism preserves the trace.

We have that Aij ⊂ Akl, whenever i ≤ k and j ≤ l. Suppose the inclusion is
given by the matrix G̃. Fix an orthonormal basis of paths for the Hilbert space
on which Aij acts. Extend these paths with paths on ΓG̃ to paths which are an
orthonormal basis of the Hilbert space on which Akl acts. This fixes string algebra
representations of Aij and Akl and the embedding is given as follows.

Definition 2.5. Let σ = (σ+, σ−) ∈ Aij ⊂ Akl. Then

σ = (σ+, σ−) ↪→
∑

ρ path on G̃

(σ+ρ, σ−ρ) ∈ Akl,

where G̃ is the inclusion matrix corresponding to the embedding of Aij into Akl as
discussed above, and where it is to be understood that the starting point of ρ is
the endpoint of σ such that σ+ρ and σ−ρ are paths obtained by concatenation in
the obvious way.

Let β = ‖G‖ = ‖L‖ and β′ = ‖K‖ = ‖H‖. Then the trace vector ~δ =
(δ1, . . . , δq) on the algebra A11 is the Perron-Frobenius eigenvector of LtL (i.e. LtL~δ
= β2~δ) normalized such that

∑q
r=1 δr

√
dim(Ar11) = 1, where Ar11 denotes the r-

th simple summand of A11, since τ is the Markov trace of modulus β2 for the
inclusion A10 ⊂ A11. Since τ is a Markov trace of modulus (β′)2 for the inclusion
A01 ⊂ A11, we also have that HtH~δ = (β′)2~δ. We denote the trace vectors on the
algebras A00, A01, and A10, by ~α, ~θ, and ~γ, respectively. Let ξ1 = (β′~γ, β′β~δ). Then
∆Lξ1 = βξ1, hence

βξ1(i) = (∆Lξ1)(i) =
q+p∑
j=1

(∆L)ijξ1(j)

=
q+p∑
j=1

(number of edges from i to j in ΓL) ξ1(j),

(2.6)

where i and j are vertices of ΓL, and where the even vertices of ΓL label the direct
summands of A10 and the odd vertices label the direct summands of A11. The
entries of the vector ξ1 are called the Perron-Frobenius weights of the corresponding
vertices of ΓL. Similarly let ξ2 = (β~θ, ββ′~δ) to obtain

β′ξ2(i) = (∆Hξ2)(i) =
q+m∑
j=1

(∆H)ijξ2(j)

=
q+m∑
j=1

(number of edges from i to j in ΓH) ξ2(j),

(2.7)

where i and j are vertices of ΓH , and where the even vertices of ΓH label the direct
summands of A01 and the odd vertices label the direct summands of A11. Finally
by using either ξ3 = (~α, β~θ) or ξ4 = (~α, β′~γ), we get the Perron-Frobenius weights
of the vertices labeling direct summands of A00 and either A01 or A10. Simply use ξ
to denote any of the Perron-Frobenius vectors above and ξ(i) to denote the Perron-
Frobenius weight of the vertex i. Then by applying equations (2.6) and (2.7) we
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obtain the following useful identity. Let i and j be fixed and let σ = (σ+, σ−) ∈ Aij .
Then for any k and l with Aij ⊂̃

G

Akl, we get

ξ(r(σ)) =
∑

α path on G̃, s(α)=r(σ)

(β′)−(k−i)β−(l−j)ξ(r(α)),(2.8)

where r(σ) and s(σ) denotes the end point, respectively the starting point, of the
string σ.

Consider the algebras Aij from (2.5). Then it follows from (2.8) that we can
define the normalized trace, which comes from the Markov trace and is compatible
with embeddings as follows. See for instance [4].

Lemma 2.6. Let σ = (σ+, σ−) ∈ Aij for some i, j ≥ 0. Then

τ(σ) = τ((σ+, σ−)) = δσ+,σ−(β′)−iβ−jξ(r(σ))

extended by linearity is a normalized trace on Aij compatible with embeddings.

Note that the trace does not depend on the representation of the algebra Aij .

2.4. Construction of subfactor automorphisms. We aim to construct an au-
tomorphism of a commuting square of finite-dimensional C∗-algebras, and use this
to construct a subfactor automorphism.

Definition 2.7. Consider the commuting square (2.1). A map ϕ ∈ Aut(A11) is
called an automorphism of the commuting square or a commuting square automor-
phism, if the following are satisfied:

• τ ◦ ϕ = τ ,
• ϕ(A00) = A00, ϕ(A01) = A01, ϕ(A10) = A10.

It is well known that an automorphism ϕ ∈ Aut(A11) of a commuting square
can be extended iteratively to an automorphism of each commuting square in the
lattice of commuting squares, which we get by iterating the basic construction, by
letting φ(ei) = ei and φ(fi) = fi. See for instance [12].

Recall that a graph automorphism is a bijection on the graph, which maps
vertices to vertices, and adjacent edges to adjacent edges. Let φ be a collection of
graph automorphisms, one for each of the four bipartite graphs ΓG, ΓL, ΓK , and
ΓH , which preserves Perron-Frobenius weights (i.e. φ maps a vertex to a vertex
which has the same Perron-Frobenius weight), and agrees on the vertices that are
identified in the commuting square as explained previously. Then in particular φ
is a bijection on the set of vertices labeled by (ΓX)odd or (ΓX)even, where X is
any of G, K, L, or H , and φ is also a bijection on the set of edges of each graph
ΓG,ΓK ,ΓL, and ΓH . We would like to use the map φ to define an automorphism ϕ
of each algebra Aij using the string algebra representation. Given a fixed Bratteli
diagram for the inclusion A00 ⊂ Aij , we can write a path as an alternating sequence
of i + j + 1 vertices and i + j edges, say ξ = (z0, ε1, z1, ε2, . . . , εi+j , zi+j), where zi
denotes a vertex and εi denotes an edge between the vertices zi−1 and zi.

Definition 2.8. Let i, j ≥ 0. Let φ be a collection of graph automorphisms as
defined above. We extend φ to a map on paths also denoted by φ as follows. For a
path ξ = (z0, ε1, z1, ε2, . . . , εi+j , zi+j) on a fixed Bratteli diagram for A00 ⊂ Aij , we
let

φ(ξ) = (φ(z0), φ(ε1), φ(z1), φ(ε2), . . . , φ(εi+j), φ(zi+j))
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and extend by linearity. Then φ is a bijection on the sets of paths on any fixed Brat-
teli diagram in (2.5), which are the basis for the fixed string algebra representation
of Aij .

For a string σ = (σ+, σ−) ∈ Aij we define

ϕij(σ) = (φ(σ+), φ(σ−)).

By linearity we extend this definition to all of Aij , hence we get a map ϕij of
the algebra Aij in the string algebra representation defined by the fixed Bratteli
diagram for A00 ⊂ Aij .

Consider a fixed string algebra representation of the algebra Aij . Since φ is a
bijection of the orthonormal basis of the Hilbert space on which Aij acts, we have
that φ is just a basis change, i.e. given by some unitary, say wφ. Hence ϕij is given
by Adwφ. By using the definition of the map ϕij and the string algebra formalism
we easily obtain the following result.

Lemma 2.9. Consider a fixed string algebra representation of the algebra Aij for
some i, j ≥ 0. Then the map ϕij as defined above is a *-homomorphism of Aij.

Our goal is to find a condition on the connection such that ϕ11 is an automor-
phism of the commuting square (2.1). Consider A11. Recall that ξ(ρ,σ)

(i,j,k) is a path

on GH , η(ζ,ψ)
(i,l,k) is a path on KL, and

ξ
(ρ,σ)
(i,j,k) =

∑
l,ζ,ψ

u
(i,k)
(j,ρ,σ),(l,ζ,ψ)η

(ζ,ψ)
(i,l,k).

In order for ϕ11 to be a commuting square automorphism, we must show that the
definition of ϕ11 is independent of the basis in which we representA11. By rewriting
the paths ξ and η using sequences of alternating vertices and edges as above we get
that ξ(ρ,σ)

(i,j,k) = (i, ρ, j, σ, k) and η(ζ,ψ)
(i,l,k) = (i, ζ, l, ψ, k), hence

ϕ(ξ(ρ,σ)
(i,j,k)) = (ϕ(i), ϕ(ρ), ϕ(j), ϕ(σ), ϕ(k)) = ξ

(φ(ρ),φ(σ))
(φ(i),φ(j),φ(k))

and
ϕ(η(ζ,ψ)

(i,l,k)) = (ϕ(i), ϕ(ζ), ϕ(l), ϕ(ψ), ϕ(k)) = η
(φ(ζ),φ(ψ))
(φ(i),φ(l),φ(k)).

This means that on the one hand we have

φ
(
ξ

(ρ,σ)
(i,j,k)

)
= φ

∑
l,ζ,ψ

u
(i,k)
(j,ρ,σ),(l,ζ,ψ) η

(ζ,ψ)
(i,l,k)

 =
∑
l,ζ,ψ

u
(i,k)
(j,ρ,σ),(l,ζ,ψ) φ

(
η

(ζ,ψ)
(i,l,k)

)
=
∑
l,ζ,ψ

u
(i,k)
(j,ρ,σ),(l,ζ,ψ) η

(φ(ζ),φ(ψ))
(φ(i),φ(l),φ(k)) ,

(2.9)

and on the other hand we have

φ
(
ξ

(ρ,σ)
(i,j,k)

)
= ξ

(φ(ρ),φ(σ))
(φ(i),φ(j),φ(k)) =

∑
l,ζ,ψ

u
(φ(i),φ(k))
(φ(j),φ(ρ),φ(σ)),(l,ζ,ψ) η

(ζ,ψ)
(φ(i),l,φ(k))(2.10)

=
∑
l,ζ,ψ

u
(φ(i),φ(k))
(φ(j),φ(ρ),φ(σ)),(φ(l),φ(ζ),φ(ψ)) η

(φ(ζ),φ(ψ))
(φ(i),φ(l),φ(k)) ,

where we have used that φ is a bijection on the set of vertices and on the set of
edges. This means that in order to get an automorphism ϕ11 of the commuting
square (2.1) the following must be satisfied; see for instance [6], [10].
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Definition 2.10. Let φ be as above. Let U be the connection of (2.1). If

u
(i,k)
(j,ρ,σ),(l,ζ,ψ) = u

(φ(i),φ(k))
(φ(j),φ(ρ),φ(σ)),(φ(l),φ(ζ),φ(ψ))(2.11)

for all (i, j, k, ρ, σ) ∈ S and for all (i, l, k, ζ, ψ) ∈ T , then we say that the connection
is symmetric with respect to φ, or that it is symmetric.

We know that φ maps paths to paths, since it is defined in Definition 2.8 from a
collection of graph automorphisms of all the four inclusion graphs in the commuting
square. Since the entries of the connection U are labeled by cells, equation (2.11)
says that the unitary matrix U , which gives the connection, is invariant under the
map φ. By this we mean that the value of the entry of the connection U labeled by
any given cell is the same as the value of the entry of the connection U labeled by
the new cell, which we get by applying φ to the paths in the given cell; see (2.11).
Due to the relationship between the matrices U and V this implies that V is also
invariant under the map φ. Assume from now on that the connection U of the
commuting square (2.1) is symmetric with respect to φ.

Lemma 2.11. Let i, j ≥ 0 be fixed. The definition of the map ϕij on the algebra
Aij does not depend on the string algebra representation of Aij.

Proof. This follows by induction using the fact that both U and V are invariant
under φ. �
Lemma 2.12. Let i, j ≥ 0 be fixed. We have that ϕij |Ars = ϕrs for all r ≤ i and
s ≤ j.
Proof. It is enough to show that ϕij |Ars = ϕrs for r = i − 1 and s = j, and for
r = i and s = j − 1. The cases are identical and are proved using the fact that φ
is a bijection. �
Lemma 2.13. The automorphism ϕij is trace preserving.

Proof. Easy computation using the fact that φ is a bijection on the set of paths
and preserves Perron-Frobenius weights. �

We have now proved the following proposition, which is well known to experts.

Proposition 2.14. The map ϕ11 is an automorphism of the commuting square
(2.1), where τ is the Markov trace of modulus ‖L‖2 for the inclusion A10 ⊂ A11.

Notice that in general there may be automorphisms of a commuting square
of finite-dimensional C∗-algebras, which do not arise in this way, i.e. via graph
symmetries. The automorphism of the commuting square from a graph symmetry
corresponds to permutations of the paths, but in general other unitaries may be
allowed.

Definition 2.15. Let N ⊂M be a subfactor of type II1. The subfactor automor-
phisms of N ⊂ M is the group Aut(M,N) = {θ ∈ Aut(M) | θ(N) = N}. The
inner automorphisms is the group Int(M,N) = {Adu | u ∈ U(N)}.
Definition 2.16. Consider the commuting square (2.1) with connection U , which
is symmetric with respect to the map φ. Let ϕij be the automorphisms of the
algebras Aij as in Definition 2.8. Define the map ϕ on

⋃∞
i,j=0 Aij by ϕ(σ) = ϕij(σ)

for i, j such that σ ∈ Aij . Since ϕ is trace preserving it extends to A∞,∞ by con-
tinuity. Thus we get an automorphism in Aut(A1,∞, A0,∞) and an automorphism
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in Aut(A∞,0, A∞,1), i.e. an automorphism of both the vertical and the horizontal
subfactors.

As noted earlier we could also have extended the map ϕ11 to the full lattice of
commuting squares (2.5) by letting it leave the Jones projections invariant. In fact it
can be shown that the map ϕ defined above does leave the Jones projections invari-
ant, hence extending the map ϕ11 by letting it leave the Jones projections invariant
gives the same automorphism. When ϕ switches some of the simple summands of
some of the algebras Aij , it follows that ϕ cannot be an inner automorphism. Let
us summarize the above discussion in the following.

Theorem 2.17. Consider the non-degenerate commuting square

L
A10 ⊂ A11, τ

K ∪ ∪ H
A00 ⊂ A01

G

(2.12)

where τ is the Markov trace. Let φ be a collection of graph automorphism of all
the four bipartite graphs ΓG,ΓL,ΓK, and ΓH , which preserves Perron-Frobenius
weights, and agrees on the vertices that are identified in the commuting square.
Suppose that φ is non-trivial on the set of vertices, and suppose that the commuting
square has a symmetric connection with respect to φ. Let N ⊂ M denote either
the vertical or the horizontal subfactor. Define the map ϕ ∈ Aut(M,N) as in
Definition 2.16. Then ϕ is not an inner automorphism, i.e. ϕ is not of the form
Ad(u) for some u ∈ U(N).

Proof. We will show that ϕ ∈ Out(M,N) = Aut(M,N)/ Int(M,N), where N ⊂M
denotes the horizontal subfactor. The proof that ϕ ∈ Out(M,N), where N ⊂ M
is the vertical subfactor is identical. Suppose ϕ is inner, i.e. ϕ = Adu for some
u ∈ U(N). We have the sequence of commuting squares:

A10 ⊂ A11 ⊂ A12 ⊂ · · · ⊂ A1,∞ = M
∪ ∪ ∪ ∪ ∪
A00 ⊂ A01 ⊂ A02 ⊂ · · · ⊂ A0,∞ = N

In particular for each n ∈ N
A1n ⊂ M
∪ ∪
A0n ⊂ N

(2.13)

is a commuting square. For all x ∈ A1n we have ϕ(x)u = ux. Now apply the
conditional expectation EA1n : M 7→ A1n; then

EA1n(u)x = EA1n(ux) = EA1n(ϕ(x)u) = ϕ(x)EA1n (u),

since x and ϕ(x) are in A1n. Let wn = EA1n(u). Then wn ∈ A0n, since (2.13) is a
commuting square and the above equation reads

wnx = ϕ(x)wn.(2.14)

Furthermore limn→∞ ‖EA1n(u) − u‖2 = 0, hence also limn→∞ ‖1 − w∗nwn‖2 = 0,
thus the support projection of w∗nwn converges to 1.
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Since φ is non-trivial on the set of vertices, we have that φ is either non-trivial on
the set of vertices of ΓG or non-trivial on the set of vertices of ΓL. Suppose that φ is
non-trivial on the set of vertices of (ΓL)even. The case where φ is non-trivial on the
set of vertices of (ΓL)odd is similar. Let n be even. Then A1n =

⊕r
i=1A

i
1n, where

Ai1n denotes the simple summands of A1n, and where r is the number of vertices of
(ΓL)even. The simple summands of A1n are labeled by the vertices, on which φ is
non-trivial, so we can assume that φ switches the vertices k and l for 1 ≤ k, l ≤ r.
Since wn ∈ A1n, we have for n even that wn =

⊕r
i=1 w

i
n, where win ∈ Ai1n. Choose

n ∈ N, n even such that wkn 6= 0 and wln 6= 0. Let x ∈ Ak1n, x 6= 0; then ϕ(x) ∈ Al1n,
which is a contradiction to (2.14). The case where φ is non-trivial on the set of
vertices of ΓG is shown as above by using A0n instead of A1n. �

3. The series of examples

We consider 3-star graphs, which are graphs with one triple point and where the
rest of the vertices have valency two or one. The 3-star graphs we consider have
two of the rays with the same length. Let Γk denote the graph depicted in Figure
2.
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Figure 2.

We consider the infinite series where k ≥ 3 and work with the following inclusions
of four multi-matrix algebras:

Gk
A10 ⊂ A11

GkG
t
k − I ∪ ∪ GtkGk − I

A00 ⊂ A01

Gk

(3.1)

where Gk is the inclusion matrix corresponding to Γk, and A00 is abelian. If this
is a commuting square with respect to a fixed normalized trace τ on A11, then it is
clearly non-degenerate.

The graph Γk has an obvious graph automorphism φ, which switches the a-ray
and the b-ray. Namely, we let φ(d) = d, φ(ai) = bi, φ(bi) = ai for 1 ≤ i ≤ k, and
φ(ci) = ci for 1 ≤ i ≤ m. This gives a bijection on the set of vertices of Γk. Let
a0 = b0 = c0 = d. Let φ map the edge ai − ai+1 to the edge bi − bi+1 and the edge
bi − bi+1 to the edge ai − ai+1 for all 0 ≤ i ≤ k − 1. Moreover let φ map the edge
ci− ci+1 to itself for all 0 ≤ i ≤ m−1. Then φ is also a bijection on the set of edges
and φ maps adjacent edges to adjacent edges, thus φ is a graph automorphism.
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We want to extend φ to a collection of graph automorphisms of the four bipartite
graphs corresponding to the inclusion matrices in (3.1), which agrees on the vertices
that are identified in the commuting square, and which preserves Perron-Frobenius
weights, as in section 2.4. This determines φ except on the double edge in GkGtk−I.
The goal is to find a symmetric connection U of (3.1) with respect to φ defined as
above for the series of examples that we consider.

Commuting squares of the type above were constructed by Haagerup and Schou
in [18], where many other similar examples are also considered. We use the notation
of [18], and the computations we do to find a symmetric connection will be similar
to the ones done by Haagerup and Schou. But our computations will be more
specialized since we want to construct a symmetric connection, which means that
the entries of the connection have to satisfy some additional identities besides the
ones coming from the bi-unitary condition. We will construct such a connection
explicitly for the infinite series of examples.

3.1. The symmetric connection. We aim to construct a connection of the com-
muting square (3.1) for the infinite series of the Haagerup-Schou subfactors, which
is symmetric with respect to the map φ defined above. For this we need to explicitly
compute two unitary matrices U and V , which are related by a multiplication of
the entries by certain coefficients, a conjugation of the entries, and a relabeling of
the entries, as in Theorem 2.3. Notice that instead of computing the matrix V from
Theorem 2.3, we will compute the matrix V̄ , where all the entries of the matrix are
conjugated, since this simplifies the notation.

The main steps of the construction are as follows. First we show that the co-
efficients can be easily computed using only the Perron-Frobenius weights of the
graph Γk, which can be defined recursively, and are preserved by our graph au-
tomorphism. Then we describe a way to systematize the set-up by using a table
with both rows and columns labeled by the edges of Γk. We label the entries of the
table, which correspond to cells, i.e. to entries of the connection. This is done by
taking the symmetry of the connection into account, since this greatly reduces the
number of labels. The structures of the matrices U and V can be read off from the
table, and when we compute the coefficients, we get an inverse symmetry across the
diagonal. Then we start to determine the absolute values of the entries of U . By
taking advantage of the symmetry, we only get two different 3× 3 blocks, which we
need to deal with. When we have determined the absolute values of the entries of
all the 3× 3 blocks, we determine the absolute values of the entries of all the 2× 2
blocks by working our way down along the diagonal in the table. Again we can
take advantage of the symmetry and only work with the ones from U . After having
determined the absolute values of all the entries this way, we show that they are
consistent. We determined absolute values of elements, which were part of either
a 3 × 3 block of U or of V or part of a 2 × 2 block of U or of V . But elements
which are 1 × 1 blocks also need to be unitary. We show how this gives rise to a
set of identities for the Perron-Frobenius weights, and show that these identities
are satisfied. Finally we find the complex phases. This is again done by using the
symmetry of the situation, in particular by assuming that the complex phases have
symmetry across the diagonal in our table. First we find the complex phases for
the entries of the two 3× 3 blocks, and then for the entries of the 2× 2 blocks by
working our way down the diagonal.
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3.1.1. Set-up and structure of the connection. In order to find a symmetric connec-
tion, we first need to know the coefficients relating the matrices U and V , and also
the entries and the structure of the matrices. Let us first see how to compute the
coefficients. Let Γ0

k denote the vertices of Γk. Then Γ0
k = Γeven

k ∪ Γodd
k , where d is

even and

Γeven
k = {p ∈ Γ0

k | dist(p, d) is even}, Γodd
k = {p ∈ Γ0

k | dist(p, d) is odd},

with dist(p, d) the minimal number of edges in a path on Γk from d to p. Then

Γeven
k = {d, a2, b2, c2, a4, b4, c4, . . .}, Γodd

k = {a1, b1, c1, a3, b3, c3, . . .}.

Let λk = ‖Gk‖ and let ξ be the Perron-Frobenius eigenvector of ∆Γk with ξ(d) = 1.
We have that ξ = (ξeven, ξodd), where ξeven, respectively ξodd, gives the Perron-
Frobenius weights of the vertices in Γeven

k , respectively Γodd
k . The equation

∆Γkξ = λkξ(3.2)

is referred to as the eigenvalue equation. Note that since there are no multiple edges
in Γk it can also be written as

λkξ(z) = (∆Γkξ)(z) =
∑

y connected to z ∈Γk

ξ(y),

where z is a vertex of Γk. It allows us to define the Perron-Frobenius weights
recursively as follows [18]. Define the following polynomials

R0(x) = 1, R1(x) = x, Rn(x) = xRn−1(x) −Rn−2(x).(3.3)

Then the Perron-Frobenius weights of Γk are given by

ξ(d) = 1, ξ(ai) = ξ(bi) =
Rk−i(λk)
Rk(λk)

, 1 ≤ i ≤ k,(3.4)

ξ(ci) =
Rk−1−i(λk)
Rk−1(λk)

, 1 ≤ i ≤ k − 1,(3.5)

where k and k − 1 are the lengths of the rays of Γk (see Figure 2). Note that φ
clearly preserves Perron-Frobenius weights since it interchanges the a-ray and b-ray
of Γk. For the polynomials defined above we have the following property [18], which
will be needed later.

Lemma 3.1. For any x ≥ 2 the function Rn(x) is an increasing function of n ∈ N,
whereas the function Rn(x)

Rn+m(x) is a decreasing function of m ∈ N.

We let ~δ = ηξ|Γodd
k

and choose η > 0 such that
∑q
r=1 δr

√
dim(Ar11) = 1. Then

~δ is the normalized trace vector on A11 =
⊕r

i=1 A
r
11 defining the Markov trace for

the inclusion A10 ⊂ A11, hence is also Markov for the inclusion A01 ⊂ A11, and by
restriction for the inclusions A00 ⊂ A01 and A00 ⊂ A10 too, since the commuting
square is non-degenerate. Since

λk

(
ξeven

ξodd

)
= λkξ = ∆Γkξ =

(
0 Gk
Gtk 0

)(
ξeven

ξodd

)
=
(
Gkξodd

Gtkξeven

)
,
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we have

~γ = Gk~δ = Gkηξodd = λkηξeven,

~θ = (GtkGk − I)~δ = (GtkGk − I)ηξodd

= λkG
t
kηξeven − ηξodd = (λ2

k − 1)ηξodd,

~α = (GkGtk − I)Gk~δ = (GkGtk − I)Gkηξodd

= (GkGtk − I)λkηξeven = (λ3
k − λk)ηξeven,

where ~α, ~θ, and ~γ are the trace vectors on the algebras A00, A01, and A10, respec-
tively. Thus for the coefficients in equation (2.4) we have√

αĩδk̃
βj̃γl̃

=

√
(λ3
k − λk)ηξiηξk

(λ2
k − 1)ηξjλkηξl

=

√
ξiξk
ξjξl

,(3.6)

where αĩ corresponds to the same vertex in A00 as ξi, etc.
Now we will find the cells, since these label the entries of the connection. The

entries of GkGtk − I as a Γeven
k × Γeven

k matrix are given by

(GkGtk − I)pq =
{

1, if dist(p, q) = 2,
0, else

for p, q even vertices, p 6= q, and

(GkGtk − I)pp =

 2, if p = d,
0, if p is an endpoint of Γk,
1, else

for p an even vertex. The entries of GtkGk − I as a Γodd
k ×Γodd

k matrix are given by

(GtkGk − I)pq =
{

1, if dist(p, q) = 2,
0, else

for p, q odd vertices, p 6= q, and

(GtkGk − I)pp =
{

0, if p is an endpoint of Γk,
1, else

for p an even vertex. In order to find the cells we order the edges of Γk as
da1, db1, dc1, a2a1, b2b1, c2c1, a2a3, . . ., and we label both columns and rows of
a table by the edges of Γk, since both the horizontal inclusions A00 ⊂ A01 and
A10 ⊂ A11 are given by the inclusion matrix Gk. Then an entry in the table corre-
sponds to a cell whenever the left vertices of the edges are connected in GkGtk − I,
and the right vertices of the edges are connected in GtkGk − I. This means for in-
stance that the entry (b2b1, dc1) corresponds to a cell, since b2 and d are connected
in GkGtk − I, and b1 and c1 are connected in GtkGk − I. But the entry (b2b1, a2a1)
does not correspond to a cell, since b2 and a2 are not connected in GkG

t
k − I. To

simplify the computations of the absolute values of the entries of U we label the
entries corresponding to cells. We choose to label the three 3× 3 blocks in Table 1
different from the rest, because they are special in that only elements from these
blocks are part of a 3 × 3 unitary block of either U or V . In the upper left 3 × 3
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block every element corresponds to two cells due to the double dd edge. We label

the cells with the edge d
α
− d by f , and the cells with the edge d

γ
− d by g. The rest

of the cells are labeled as if Table 1 was a matrix denoted by Z.
The aim is to show that we can find unitary matrices U and V satisfying the

bi-unitary condition in Theorem 2.3, such that U is symmetric under φ. This means
that we must have

u
(i,k)
(j,ρ,σ),(l,ζ,ψ) = u

(φ(i),φ(k))
(φ(j),φ(ρ),φ(σ)),(φ(l),φ(σ),φ(ψ))

for all (i, j, k, ρ, σ) ∈ S and all (i, l, k, ζ, ψ) ∈ T . So for instance the entries of
U labeled by (b2b1, db1) and by (a2a1, da1) are the same. In the upper left 3 × 3
corner we have the double dd edge, hence we have a choice of whether to define
the automorphism φ such that it switches the edges or such that it leaves them
invariant. It turns out that we have to let φ switch these edges, because otherwise
we end up with a block of V with two equal columns when we use the symmetry,
hence a symmetric connection under such a φ cannot be found. Thus φ maps the

edge d
α
− d to the edge d

γ
− d and vice versa. Taking this into account we get the

labeling of the entries of U in Table 1.

Table 1: Labels of the entries of the connection U

Cells da1 db1 dc1 a2a1 b2b1 c2c1 a2a3 b2b3 c2c3 a4a3 b4b3
da1 f11 g11 f12 g12 f13 g13 σ11 σ12 σ13 z17

db1 g12 f12 g11 f11 g13 f13 σ12 σ11 σ13 z17

dc1 f31 g31 g31 f31 f33 f33 σ31 σ31 σ33 z39

a2a1 τ11 τ12 τ13 z44 z47 z4,10

b2b1 τ12 τ11 τ13 z44 z47 z4,10

c2c1 τ31 τ31 τ33 z66 z69

a2a3 z71 z74 z77 z7,10

b2b3 z71 z74 z77 z7,10

c2c3 z93 z96

a4a3 z10,4 z10,7

b4b3 z10,4 z10,7

This table illustrates the example when k = 4, i.e. corresponding to the graph Γ4.
It can easily be generalized since we note that the three upper left 3× 3 blocks are
special, but the rest of the table follows a pattern. It gives us five “diagonal” rays,
the “real” diagonal, which we will refer to as the diagonal, the two “inner” ones,
which we will refer to as the inner diagonals, and the two “outer” ones, which we will
refer to as the outer diagonals. (For general k we have a total of 2k+(k−1) = 3k−1
edges of Γk, so the table is (3k− 1)× (3k− 1).) Let a0 = b0 = c0 = d. Then all the
cells outside the upper left 6×6 block have labels of the form (xixj , xkxl), where xi
is either all ai, all bi, or all ci, and i, j, k, l are indices, |i−j| = 1, |k−l| = 1 (this just
means that we have an edge) and |i−k| ∈ {0, 2}, |j− l| ∈ {0, 2}. Note that the last
three elements on the diagonal do not correspond to cells, since (GkGtk − I)pp = 0
when p is an endpoint of Γk. This gives a labeling of the cells for general k.

The block structures of the matrices U and V are given in Tables 2 and 3, where
entries labeled with the same letter denote entries of the same block matrix of U ,
respectively V , and cells labeled with • are 1× 1 blocks. In order to find the block
u(i,k) of U , we fix the left vertex in the row at i and the right vertex in the column
at k, and vary the rest within the table. For v(j,l) we fix the right vertex in the row
at j and the left vertex in the column at l and vary the rest.
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Table 2: Block structure of U
Cells da1 db1 dc1 a2a1 b2b1 c2c1 a2a3 b2b3 c2c3 a4a3 b4b3
da1 a a b b c c a b c •
db1 a a b b c c a b c •
dc1 a a b b c c a b c •
a2a1 d • • d g g
b2b1 • e • e h h
c2c1 • • f f •
a2a3 d d g g
b2b3 e e h h
c2c3 f f
a4a3 • •
b4b3 • •

Table 3: Block structure of V
Cells da1 db1 dc1 a2a1 b2b1 c2c1 a2a3 b2b3 c2c3 a4a3 b4b3
da1 a a a a a a d • • d
db1 b b b b b b • e • e
dc1 c c c c c c • • f f

a2a1 a a a d d •
b2b1 b b b e e •
c2c1 c c c f f

a2a3 • g g •
b2b3 • h h •
c2c3 • •
a4a3 g g
b4b3 h h

For instance we get that the block labeled as(
(a2a1, a2a3) (a2a1, a4a3)
(a2a3, a2a3) (a2a3, a4a3)

)
=
(
z47 z4,10

z77 z7,10

)
is an example of a 2× 2 block of U .

Finally we for instance get the coefficient labeled by the cell (da1, a2a1) as√
ξ(d)ξ(a1)
ξ(a1)ξ(a2)

=

√
1

ξ(a2)
.

Note that the coefficient of entry (i, j) is the inverse of the coefficient of entry (j, i),
when the table is considered a matrix. This symmetry will be called the inverse
diagonal symmetry of the coefficients, and will be used later on.

3.1.2. Absolute values. Now we find absolute values for all the entries of the matrix
U . We start out by working with the 3× 3 blocks, which we obtain from Tables 2
and 3. The 3× 3 blocks of U aref11 g11 σ11

g12 f12 σ12

f31 g31 σ31

 ,

f12 g12 σ12

g11 f11 σ11

g31 f31 σ31

 ,

f13 g13 σ13

g13 f13 σ13

f33 f33 σ33

 ,
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and the 3× 3 blocks of V aref̃11 f̃12 f̃13

g̃11 g̃12 g̃13

τ̃11 τ̃12 τ̃13

 ,

g̃12 g̃11 g̃13

f̃12 f̃11 f̃13

τ̃12 τ̃11 τ̃13

 ,

f̃31 g̃31 f̃33

g̃31 f̃31 f̃33

τ̃31 τ̃31 τ̃33

 ,

where we use a tilde to denote the entry of U up to multiplication by the coefficient
from Theorem 2.3. This coefficient we denote by ζx,ij , i.e. x̃ij = ζx,ijxij for x ∈
{f, g, τ, σ, z}. Note that the first two blocks of U , respectively V , are the same up
to permutations of the rows and columns, hence we only have to deal with four
3× 3 blocks.

From the block structure of U and V we get that |τij | = 1 = |σ̃ij | for i 6= j. We
compute |τ11|, |τ33|, |σ11| and |σ33| from these 3 × 3 blocks by using the fact that
their rows and columns are orthonormal. We get

|σ11|2 = 1− |σ12|2 − |σ31|2 = 1− ζ−2
σ,12 − ζ−2

σ,31 = 1− ξ(a2)− ξ(c1)ξ(a2)
ξ(a1)

,

|σ33|2 = 1− 2|σ13|2 = 1− 2ζ−2
σ,13 = 1− 2

ξ(a1)ξ(c2)
ξ(c1)

,

|τ11|2 = ζ−2
τ,11(1− |τ̃12|2 − |τ̃13|2) = ζ−2

τ,11(1− ζ2
τ,12 − ζ2

τ,13)

=
1

ξ(a2)

(
1− ξ(a2)− ξ(c1)ξ(a2)

ξ(a1)

)
=

1
ξ(a2)

− 1− ξ(c1)
ξ(a1)

,

|τ33|2 = ζ−2
τ,33(1− 2|τ̃31|2) = ζ−2

τ,33(1− 2ζ2
τ,31)

=
1

ξ(c2)

(
1− 2

ξ(a1)ξ(c2)
ξ(c1)

)
=

1
ξ(c2)

− 2
ξ(a1)
ξ(c1)

.

Note that all these values are positive so this makes sense. Positivity follows by
using Lemma 3.1 and Lemma 3.2, which we will prove later.

Let
◦
xij denote the complex phase of the element xij , x ∈ {f, g, τ, σ, z}. Then we

have

τ=


ζ−1
τ,11

√
1−ζ2

τ,12−ζ2
τ,13

◦
τ11

◦
τ12

◦
τ13

◦
τ12 ζ−1

τ,11

√
1−ζ2

τ,12−ζ2
τ,13

◦
τ11

◦
τ13

◦
τ31

◦
τ31 ζ−1

τ,33

√
1−2ζ2

τ,31

◦
τ33

 ,

σ =


√

1− ζ−2
σ,12 − ζ−2

σ,13

◦
σ11 ζ−1

σ,12

◦
σ12 ζ−1

σ,13

◦
σ13

ζ−1
σ,12

◦
σ12

√
1− ζ−2

σ,12 − ζ−2
σ,13

◦
σ11 ζ−1

σ,13

◦
σ13

ζ−1
σ,31

◦
σ31 ζ−1

σ,31

◦
σ31

√
1− 2ζ−2

σ,13

◦
σ33

 .

The inverse diagonal symmetry of the coefficients gives ζτ,ij = ζ−1
σ,ji. Using this we

get

τ̃ =


√

1− ζ−1
σ,12 − ζ−1

σ,31

◦
τ11 ζ−1

σ,12

◦
τ12 ζ−1

σ,31

◦
τ13

ζ−1
σ,12

◦
τ12

√
1− ζ−1

σ,12 − ζ−1
σ,13

◦
τ11 ζ−1

σ,31

◦
τ13

ζ−1
σ,13

◦
τ31 ζ−1

σ,13

◦
τ31

√
1− 2ζ−2

σ,13

◦
τ33

 ,
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thus |τ̃12| = |σ12|, |τ̃13| = |σ31|, and |τ̃31| = |σ13|. We see that this implies

|σ̃ii| = |τii|(3.7)

for i = 1, 3. We will see later that the same symmetry holds for the remaining
entries of U . Now let us work with the 3× 3 blocks A,B,C, and D given as

A =

f11 g11 σ11

g12 f12 σ12

f31 g31 σ31

 , B =

f13 g13 σ13

g13 f13 σ13

f33 f33 σ33

 ,

C =

 f̃11 f̃12 f̃13

g̃11 g̃12 g̃13

τ̃11 τ̃12 τ̃13

 =

 f11 f12 ζf,13f13

g11 g12 ζf,13g13

|σ11|
◦
τ11 |σ12|

◦
τ12 |σ31|

◦
τ13

 ,

D =

 f̃31 g̃31 f̃33

g̃31 f̃31 f̃33

τ̃31 τ̃31 τ̃33

 =

 ζf,31f31 ζf,31g31 f33

ζf,31g31 ζf,31f31 f33

|σ13|
◦
τ31 |σ13|

◦
τ31 |σ33|

◦
τ33

 .

Note the similarities between A and C, and between B and D. First consider B.
We have

|f33|2 =
1
2

(1 − |σ33|2) =
1
2

(
1−

(
1− 2

ξ(a1)ξ(c2)
ξ(c1)

))
=
ξ(a1)ξ(c2)
ξ(c1)

= |σ13|2.

So if we let |f13| = |σ33|, and |g13| = |σ13|, then the rows and columns of B are
normalized. Similarly D has normalized rows and columns if we let

|f31|2 = ζ−2
f,31|σ33|2 =

ξ(c1)
ξ(a1)

(
1− 2

ξ(a1)ξ(c2)
ξ(c1)

)
,

|g31|2 = ζ−2
f,31|σ13|2 =

ξ(c1)
ξ(a1)

(
ξ(a1)ξ(c2)
ξ(c1)

)
= ξ(c2).

For A and C these choices give

A =


f11 g11

√
(1 − ξ(a2)− ξ(c1)ξ(a2)

ξ(a1) )
◦
σ11

g12 f12

√
ξ(a2)

◦
σ12√

ξ(c1)
ξ(a1) (1− 2 ξ(a1)ξ(c2)

ξ(c1) )
◦
f31

√
ξ(c2)

◦
g31

√
ξ(c1)ξ(a2)
ξ(a1)

◦
σ31

 ,

C =


f11 f12

√
ξ(c1)
ξ(a1) (1− 2 ξ(a1)ξ(c2)

ξ(c1) )
◦
f13

g11 g12

√
ξ(c2)

◦
g13√

(1 − ξ(a2)− ξ(c1)ξ(a2)
ξ(a1) )

◦
τ11

√
ξ(a2)

◦
τ12

√
ξ(c1)ξ(a2)
ξ(a1)

◦
τ13

 .

So for both A and C to be unitary, we must have |f12| = |g12|, hence |f12|2 =
|g12|2 = 1

2 (1− ξ(a2)). This implies that

|f11|2 = 1− 1
2

(1− ξ(a2))− ξ(c1)
ξ(a1)

+ 2ξ(c2),

|g11|2 = 1− |f12|2 − |g31|2 = 1− 1
2

(1− ξ(a2))− ξ(c2).

Note again that all these values are positive by Lemma 3.1 and Lemma 3.2. In
order for A and C to be unitary we need to check that |f11|2 + |g11|2 + |σ11|2 = 1.
This is done using equations (3.4) and (3.5).
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This shows that the rows and columns of A and C are normalized. Now we have
determined the absolute values of the entries in the three upper left 3× 3 blocks of
the table, and we are only left with determining the absolute values of the entries
zij . They either belong to some 2× 2 block of U or of V . For given k we have, by
letting a0 = b0 = c0 = d, that all the 2× 2 blocks of U are of the form(

(xixi−1, xi−2xi−1) (xixi−1, xixi−1)
(xixi+1, xi−2xi−1) (xixi+1, xixi−1)

)
,

(
(xixi−1, xixi+1) (xixi−1, xi+2xi+1)
(xixi+1, xixi+1) (xixi+1, xi+2xi+1)

)
,

where either xi = ai for all i, or xi = bi for all i, or xi = ci for all i, and i is even.
This means that for each even i, 1 ≤ i ≤ k, we have a 2× 2 block of U whenever

the vertex xi+1 of Γk exists, and another 2× 2 block whenever the vertex xi+2 also
exists. This gives a total of (k − 2) 2 × 2 blocks for both x = a and x = b. For
x = c we get (k − 3) 2 × 2 blocks, since the c ray has length k − 1. So a priori we
have a total of 2(k − 2) + (k − 3) 2 × 2 blocks of U . But since we have that the
connection is symmetric under φ, the 2 × 2 blocks arising as above labeled by the
a-ray, respectively the b-ray, are the same; see Table 1. For instance we have(

(a2a1, a2a3) (a2a1, a4a3)
(a2a3, a2a3) (a2a3, a4a3)

)
=
(
z47 z4,10

z77 z7,10

)
=
(

(b2b1, b2b3) (b2b1, b4b3)
(b2b3, b2b3) (b2b3, b4b3)

)
.

Thus we are left with a total of (k−2)+(k−3) 2×2 blocks of U . The total number
of 2 × 2 blocks of V is the same. In the case of k = 4 we get the following 2 × 2
blocks of U : (

τ11 z44

z71 z74

)
,

(
τ33 z66

z93 z96

)
,

(
z47 z4,10

z77 z7,10

)
,

and the following 2× 2 blocks of V :(
|τ11|

◦
σ11 z̃17

z44 z̃47

)
,

(
|τ33|

◦
σ33 z̃39

z66 z̃69

)
,

(
z̃74 z77

z̃10,4 z̃10,7

)
,

by using equation (3.7) and the coefficients. Let

A =
(
τ11 z44

z71 z74

)
, B =

(
|τ11|

◦
σ11 z̃17

z44 z̃47

)
.

For both of these matrices to be unitary we must have that |z71| = |z̃17| and
|z74| = |z̃47|. This is part of the general pattern we get by comparing the 2 × 2
blocks of U to the 2× 2 blocks of V , which gives

|zij | = |z̃ji|
for all i and j, by remembering that the coefficients have inverse symmetry across
the diagonal. So by using this it is enough to compute the absolute values of the
entries of the 2× 2 blocks of U . From the first one we get

|z44|2 = |z71|2 = 1− |τ11|2, |z74| = |τ11|,
and from for the second one we get

|z93|2 = |z66|2 = 1− |τ33|2, |z96| = |τ33|.
We can continue this way, since in each 2 × 2 block we have already determined
the absolute value of the entry in the upper left corner, which then determines the
absolute values of the last three entries, since the rows and the columns have to be
normalized. By using the fact that |zij | = |z̃ji| and the coefficients, we find all the
absolute values of the entries of U .
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3.1.3. Consistency of the assigned absolute values. We have found the absolute
values of the entries of U , such that all 3× 3 and 2× 2 blocks of U and of V have
rows and columns normalized. We need to also check that the 1 × 1 blocks of U
and of V have absolute value one. The entries of these 1×1 blocks appear in Table
1 on the outer diagonals and as the last two entries on the inner diagonals at the
lower right corner corresponding to the end points of the rays (see Tables 2 and 3).
Let us work our way down to find the pattern. By using alternating 2× 2 blocks
of U and of V , we see that

|τ11| = |z74|, |z̃74| = |z̃10,7|, |z10,7| = |z13,10|, |z̃13,10| = |z̃16,13| . . .

and

|τ33| = |z96|, |z̃96| = |z̃12,9|, |z12,9| = |z15,12|, |z̃15,12| = |z̃18,15| . . . ,

hence by using the coefficients we get

1
ξ(a2)

− 1− ξ(c1)
ξ(a1)

= |τ11|2 = |z74|2 =
ξ(a3)
ξ(a1)

|z̃74|2 =
ξ(a3)
ξ(a1)

|z̃10,7|2

=
ξ(a3)ξ(a4)
ξ(a1)ξ(a2)

|z10,7|2 = · · · = ξ(a3)ξ(a4)
ξ(a1)ξ(a2)

|z13,10|2

=
ξ(a3)ξ(a4)ξ(a5)
ξ(a1)ξ(a2)ξ(a3)

|z̃13,10|2 =
ξ(a4)ξ(a5)
ξ(a1)ξ(a2)

|z̃16,13|2

=
ξ(a4)ξ(a5)ξ(a6)
ξ(a1)ξ(a2)ξ(a4)

|z16,10|2 =
ξ(a5)ξ(a6)
ξ(a1)ξ(a2)

|z19,16|2 . . .

and
1

ξ(c2)
− 2

ξ(a1)
ξ(c1)

= |τ33|2 = |z96|2 =
ξ(c3)
ξ(c1)

|z̃96|2

=
ξ(c3)
ξ(c1)

|z̃12,9|2 =
ξ(c3)ξ(c4)
ξ(c1)ξ(c2)

|z15,12|2 = · · ·

=
ξ(c3)ξ(c4)ξ(c5)
ξ(c1)ξ(c2)ξ(c3)

|z̃18,15|2 =
ξ(c4)ξ(c5)
ξ(c1)ξ(c2)

|z̃18,15|2 . . . .

Given k we have that Table 1 is (3k− 1)× (3k− 1), hence the entries on the lower
inner diagonal, which are 1 × 1 blocks in U , are z(3k−2),(3k−5) and z(3k−3),(3k−6)

corresponding to the cells (akak−1, ak−2ak−1) and (ck−2ck−1, ck−2ck−3). In fact we
have four such elements, two on each inner diagonal, where the two ones on the
upper inner diagonal are 1×1 blocks in V . But again due to symmetry, it is enough
to work with the two on the lower inner diagonal. By relating them to either τ11

or τ33 as above, we arrive at the following two equations, which must be satisfied
in order for our construction to give a symmetric connection:

ξ(a1)− ξ(a1)ξ(a2)− ξ(c1)ξ(a2) = ξ(ak−1)ξ(ak),(3.8)
ξ(c1)− 2ξ(a1)ξ(c2) = ξ(ck−2)ξ(ck−1).(3.9)

We will show later that these identities are satisfied.
Let us find the other identities which must be satisfied. Consider the outer

diagonal elements. We know that they are 1 × 1 blocks in either U or V , but we
have also found their absolute values in terms of the absolute value of an inner
diagonal element by using that they are part of a 2 × 2 block of either V or U .
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Moreover we have related the absolute value of the inner diagonal elements to τ11

and τ33, respectively. Let us work through the first few cases:
1) |z71|2 = 1− |τ11|2 and |z̃71| = 1, so ξ(a3)

ξ(a1)ξ(a2) = 1−
(

1
ξ(a2) − 1− ξ(c1)

ξ(a1)

)
, thus

ξ(a3) = ξ(a1)ξ(a2)− ξ(a1) + ξ(a1)ξ(a2) + ξ(c1)ξ(a2).

2) |z93|2 = 1− |τ33|2 and |z̃93| = 1, i.e. ξ(c3)
ξ(c1)ξ(c2) = 1−

(
1

ξ(c2) − 2 ξ(a1)
ξ(c1)

)
, hence

ξ(c3) = ξ(c1)ξ(c2)− ξ(c1) + 2ξ(a1)ξ(c2).

3) |z̃10,4|2 = 1− |z̃74|2, |z10,4| = 1, and |z74| = |τ11|, i.e.

ξ(a4)ξ(a1)
ξ(a2)ξ(a3)

= 1− |z̃74|2 = 1− ξ(a1)
ξ(a3)

|z74|2 = 1− ξ(a1)
ξ(a3)

|τ11|2

= 1− ξ(a1)
ξ(a3)

(
1

ξ(a2)
− 1− ξ(c1)

ξ(a1)

)
= 1− ξ(a1)

ξ(a2)ξ(a3)
+
ξ(a1)
ξ(a3)

+
ξ(c1)
ξ(a3)

,

thus

ξ(a4)ξ(a1) = ξ(a2)ξ(a3)− ξ(a1) + ξ(a1)ξ(a2) + ξ(c1)ξ(a2).

4) |z̃12,6|2 = 1− |z̃96|2, |z12,6| = 1 and |z96| = |τ33|, hence

ξ(c4)ξ(c1)
ξ(c2)ξ(c3)

= 1− |z̃96|2 = 1− ξ(c1)
ξ(c3)

|z96|2 = 1− ξ(c1)
ξ(c3)

|τ33|2

= 1− ξ(c1)
ξ(c3)

(
1

ξ(c2)
− 2

ξ(a1)
ξ(c1)

)
= 1− ξ(c1)

ξ(c2)ξ(c3)
+ 2

ξ(a1)
ξ(c3)

,

thus

ξ(c4)ξ(c1) = ξ(c2)ξ(c3)− ξ(c1) + 2ξ(a1)ξ(c2).

It follows that in general when the a-ray has length k and the c-ray has length
k − 1, and if we let ξ(a0) = ξ(c0) = 1, then we get the identities

ξ(ai)ξ(ai+1)− ξ(ai+2)ξ(ai−1) = ξ(a1)− ξ(a1)ξ(a2)− ξ(c1)ξ(a2)(3.10)

for 1 ≤ i ≤ k − 2 and

ξ(ci)ξ(ci+1)− ξ(ci+2)ξ(ci−1) = ξ(c1)− 2ξ(a1)ξ(c2)(3.11)

for 1 ≤ i ≤ k − 3.
Here we note that only the left-hand side depends on i, and that the right-hand

side is the same as the left-hand side of (3.8) and (3.9). If the four identities (3.8),
(3.9), (3.10) and (3.11) are satisfied, we have found consistent absolute values of
the entries of the connection. In [18] Schou proved identities of the same type in
order to find a connection. But since we want a connection, which is symmetric
with respect to the map φ, the identities we have to prove are more special. Using
the facts that the a-ray has length k and the c-ray has length k − 1, and denoting
λk by λ, we get that

2Rk−1(λ)2 = Rk(λ)2,(3.12)

by using the eigenvalue equation and the recursive definition (3.3).
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Lemma 3.2. For all k ≥ 3 we have

ξ(a1)− ξ(a1)ξ(a2)− ξ(c1)ξ(a2) = ξ(ak−1)ξ(ak),(3.13)
ξ(c1)− 2ξ(a1)ξ(c2) = ξ(ck−2)ξ(ck−1).(3.14)

Moreover for fixed k ≥ 3 we have

ξ(ai)ξ(ai+1)− ξ(ai+2)ξ(ai−1) = ξ(ak−1)ξ(ak)(3.15)

for 1 ≤ i ≤ k − 2.

Proof. Let k ≥ 3 be fixed. By using (3.4) and (3.5), we get that (3.13) holds iff

Rk(λ)Rk−1(λ)2 −Rk−1(λ)2Rk−2(λ)−Rk(λ)Rk−2(λ)2 − λRk−1(λ) = 0.

By using (3.12) we compute that this equals

λRk−1(λ)(
1
2
Rk(λ)2 −Rk(λ)Rk−2(λ)− 1).

Thus the above equation holds iff Rk−1(λ)2−Rk(λ)Rk−2(λ)−1 = 0. We claim that
this is in fact true for arbitrary λ, i.e. we claim that Rn−1(x)2−Rn(x)Rn−2(x)−1 =
0, ∀n ≥ 2. This is shown by induction. The rest of the identities are proved along
the same lines. �

This concludes the proof that absolute values for a symmetric connection can
be found in our examples, independent of k. In the case k = 4 the absolute values
can be seen in Table 4. Note that due to the equations we just solved, most of the
above entries can be expressed in different ways.

3.1.4. Complex phases. Recall that we denote the complex phase of the element zij
by
◦
zij . Also recall that we had a diagonal symmetry of the form |zij | = |z̃ji| for

the absolute values, due to the structure of the 2× 2 blocks of U and of V . We will
again take advantage of this symmetry by letting

◦
zij =

◦
zji for the entries labeled

by z. Furthermore we let
◦
σij =

◦
τ ji,

◦
f13 =

◦
f31, and

◦
g13 =

◦
g31. This will simplify

the situation by making pairs of blocks the same, hence as in the case of absolute
values, this allows us to restrict our attention to the blocks of U . In particular we
only have to deal with two 3× 3 blocks.

Let us first consider the 3×3 block A from U , which we have already determined
as

A =

α
◦
f11 β

◦
g11 d

◦
σ11

x
◦
g12 x

◦
f12 b

◦
σ12

y
◦
f31 a

◦
g31 c

◦
σ31

 ,

with the obvious definitions of α, β, d, x, b, a, y, c. By the gauge freedom (see [4])
we can assume that A has the following special form with complex phases 1 in the
second row and the second column

A =

αh1 β dh2

x x b
yh3 a ch4

 ,

where hi ∈ {z ∈ C | |z| = 1}, 1 ≤ i ≤ 4, that is, hi denotes the complex phase.
We will find the complex phases for A, and then use these and the gauge freedom
to find the complex phases for the other 3 × 3 block B, and then work through
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O
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T
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F

R
O

M
C

O
M

M
U
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IN

G
S
Q

U
A

R
E

S
2
5
3
9

Table 4: The absolute values of the connection U

Cells da1 db1 dc1 a2a1 b2b1 c2c1 a2a3 b2b3 c2c3 a4a3 b4b3

da1 y1 y2
√

1
2 (1−ξ(a2)

√
1
2 (1−ξ(a2)) x4

√
ξ(a1)ξ(c2)
ξ(c1) x3

√
ξ(a2)

√
ξ(a1)ξ(c2)
ξ(c1) 1

db1
√

1
2 (1−ξ(a2))

√
1
2 (1−ξ(a2)) y2 y1

√
ξ(a1)ξ(c2)
ξ(c1) x4

√
ξ(a2) x3

√
ξ(a1)ξ(c2)
ξ(c1) 1

dc1

√
ξ(c1)
ξ(a1)x4

√
ξ(c2)

√
ξ(c2)

√
ξ(c1)
ξ(a1)x4

√
ξ(a1)ξ(c2)
ξ(c1)

√
ξ(a1)ξ(c2)
ξ(c1)

√
ξ(c1)ξ(a2)
ξ(a1)

√
ξ(c1)ξ(a2)
ξ(a1) x4 1

a2a1 x1 1 1
√

1− x2
1 y3

√
ξ(a1)ξ(a4)
ξ(a2)ξ(a3)

b2b1 1 x1 1
√

1 − x2
1 y3

√
ξ(a1)ξ(a4)
ξ(a2)ξ(a3)

c2c1 1 1 x2
√

1− x2
2 1

a2a3

√
ξ(a3)

ξ(a1)ξ(a2) x1 y4

√
ξ(a4)
ξ(a2)

b2b3

√
ξ(a3)

ξ(a1)ξ(a2) x1 y4

√
ξ(a4)
ξ(a2)

c2c3

√
ξ(c3)

ξ(c1)ξ(c2) x2

a4a3 1 1

b4b3 1 1

where

x1 =
√

1
ξ(a2) − 1− ξ(c1)

ξ(a1) , x2 =
√

1
ξ(c2) − 2 ξ(a1)

ξ(c1) ,

x3 =
√
ξ(a2)x1, x4 =

√
ξ(c2)x2,

y1 =
√

1− 1
2 (1− ξ(a2))− ξ(c1)

ξ(a1) + 2ξ(c2), y2 =
√

1− 1
2 (1− ξ(a2))− ξ(c2),

y3 =
√

ξ(a1)
ξ(a2)ξ(a3)x3, y4 =

√
1− ξ(a1)

ξ(a3)x
2
1.
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the 2 × 2 blocks. Set γ =
(bd)2

x2 −β2−α2

2αβ , h1 = γ + i
√

1− γ2, h2 = (−βx − αxh1) 1
bd ,

h3 = (−x2−αβh1) 1
ay , and h4 = (−xa−xyh3) 1

bc . Then |h1| = |h2| = |h3| = |h4| = 1,
and with these complex phases A is unitary. Using the gauge choice, we know that
A of the form

A =

γ1δ1h1α γ1δ2β γ1δ3h2d
γ2δ1x γ2δ2x γ2δ3b
γ3δ1h3y γ3δ2a γ3δ3h4c


is unitary, where γ1, γ2, γ3, δ1, δ2, δ3 ∈ {z ∈ C | |z| = 1} are arbitrary.

Note that we had a choice above whether to use h1 = γ + i
√

1− γ2 or h1 =
γ − i

√
1− γ2, i.e. of whether to use h1 or h̄1. If we use h̄1, then we also get the

complex conjugates of the other entries of the matrix A. This choice does not
correspond to the gauge freedom.

Consider the 3× 3 block B, which we have previously determined as

B =


√

1− 2 ξ(a1)ξ(c2)
ξ(c1)

◦
f13

√
ξ(a1)ξ(c2)
ξ(c1)

◦
g13

√
ξ(a1)ξ(c2)
ξ(c1)

◦
σ13√

ξ(a1)ξ(c2)
ξ(c1)

◦
g13

√
1− 2 ξ(a1)ξ(c2)

ξ(c1)

◦
f13

√
ξ(a1)ξ(c2)
ξ(c1)

◦
σ13√

ξ(a1)ξ(c2)
ξ(c1)

◦
f33

√
ξ(a1)ξ(c2)
ξ(c1)

◦
f33

√
1− 2 ξ(a1)ξ(c2)

ξ(c1)

◦
σ33

 .

Using the complex phases from the matrix A, and
◦
f13 =

◦
f31,

◦
g13 =

◦
g31, we see

that B has the special form

B =

θγ3δ1h3 wγ3δ2 w
◦
σ13

wγ3δ2 θγ3δ1h3 w
◦
σ13

w
◦
f33 w

◦
f33 θ

◦
σ33

 ,

where ω and θ are the absolute values. We can transform this by using the gauge
freedom to θγ3δ1h3 wγ3δ2 w

wγ3δ2 θγ3δ1h3 w

w w θ
◦
σ33

◦
f33

−1 ◦
σ13

−1

 =

 θk1 wk2 w
wk2 θk1 w
w w θk3

 .

Set h5 = δ1δ̄2h3 = − w
2θ + i

√
1− w2

4θ2 , k1 = h2
5, k2 = h5, and k3 = 1 (this choice

comes from the gauge freedom). Then |k1| = |k2| = |k3| = 1 and the matrix B

is unitary. Set
◦
σ13 =

◦
σ33 =

◦
f33 = 1, γ3 = 1, δ2 = h5, δ1 = h2

5h̄3. Then we have
determined the elements γ3, δ1, and δ2 occurring in A. Note that only γ1, γ2 and δ3

are now free variables of absolute value one. This means that we have determined
complex phases such that all our 3× 3 blocks are unitary.

Now let us work with the 2 × 2 blocks. Recall that by symmetry we only need
to work with the 2× 2 blocks from either U or V . Thus let us consider

A1 =

 √
1

ξ(a2) − 1− ξ(c1)
ξ(a1)γ1δ3h2

√
ξ(a3)

ξ(a1)ξ(a2)

◦
z44√

1
ξ(a2) − 1− ξ(c1)

ξ(a1)

◦
z71

√
ξ(a3)

ξ(a1)ξ(a2)

◦
z74


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by the previous computations. Set δ3 = 1, γ1 = ē2,
◦
z44 =

◦
z17 = 1,

◦
z47 = −1; then

A1 is unitary. Now

A2 =

 √
1

ξ(c2) − 2 ξ(a1)
ξ(c1)

√
ξ(c3)

ξ(c1)ξ(c2)

◦
z66√

ξ(c3)
ξ(c1)ξ(c2)

◦
z93

√
1

ξ(c2) − 2 ξ(a1)
ξ(c1)

◦
z96

 .

Thus set
◦
z66 =

◦
z93 = 1,

◦
z96 = −1; then A2 is unitary. This way we can work our

way down towards the lower right corner of Table 1 by letting each 2×2 block have
three elements with complex phase 1 and one element with complex phase −1. This
concludes the construction of the symmetric connection. In the case of k = 4, the
complex phases are given in Table 5, where θ1 = h1h2h3h

2
5, θ2 = h2h5, θ3 = h3h

2
5

and h1, h2, h3, h4 and h5 are as above.

Table 5: Complex phases of the connection U

Cells da1 db1 dc1 a2a1 b2b1 c2c1 a2a3 b2b3 c2c3 a4a3 b4b3
da1 θ1 θ2 h5 θ3 h2

5 h5 1 1 1 1

db1 θ3 h5 θ2 θ1 h5 h
2
5 1 1 1 1

dc1 h2
5 h5 h5 h

2
5 1 1 h4 h4 1 1

a2a1 1 1 h4 1 −1 1

b2b1 1 1 h4 1 −1 1

c2c1 1 1 1 1 −1

a2a3 1 −1 1 1

b2b3 1 −1 1 1

c2c3 1 −1

a4a3 1 1

b4b3 1 1

3.2. The result. From the commuting square (3.1) we construct both the hori-
zontal and the vertical subfactors as explained in section 2. They are irreducible
due to Wenzl’s dimension estimate [20], since the graph Γk in Figure 2 has a vertex,
which is only connected to one other vertex by a single edge. Moreover the verti-
cal one, the Haagerup-Schou subfactor, has index ‖Gk‖2. These index values are
between 4 and 4.5 [18]. We conclude from [7], [1], and [2] that the vertical subfac-
tors constructed from the initial commuting square (3.1) based on the graphs Γk for
k ≥ 3 have principal graphs A∞. Thus in particular the Haagerup-Schou subfactors
have infinite depth. This implies that the horizontal subfactor has infinite principal
graph, too [17]. Moreover by a result of Popa these subfactors are non-amenable,
since their index is larger than the norm of the principal graph [16]. Using the
notation of section 2 what we have achieved is summarized in the following.

Theorem 3.3. Let Γk denote the graph in Figure 2 and consider the non-degenerate
commuting square

Gk
A10 ⊂ A11, τ

GkG
t
k − I ∪ ∪ GtkGk − I

A00 ⊂ A01

Gk

(3.16)

where the trace τ on A11 is the normalized Markov trace and A00 is abelian. Let φ
be the graph automorphism of Γk, which switches the a-ray and the b-ray and the
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double d-d edge in GkG
t
k − I as described above. In particular φ is non-trivial on

the set of vertices. Let k ≥ 3. Then the commuting square (3.1) has a symmetric
connection with respect to φ. Let N ⊂M denote either the vertical or the horizontal
subfactor constructed from (3.1) and define ϕ11 as in Definition 2.8. Then ϕ11 is
a commuting square automorphism, hence extends to an automorphism ϕ of both
the horizontal and the vertical subfactors. Moreover ϕ is not inner, i.e. ϕ is not of
the form Ad(u) for u ∈ U(N).

Proof. Let k ≥ 3. For this series of examples we have explicitly constructed a
symmetric connection, hence the result follows from Theorem 2.17. �
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